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SIGMA VS PYTHON

Preface

	 Welcome to Mythical Math! This is the first volume in a 
series that introduces a new approach to teaching high-school 
math using storytelling and art. The setting of the story is the 
mythical world of ancient Greece, in a time when the Olympian 
pantheon was still forming. The gods and goddesses of this 
earliest stage evolved from their primordial animal powers; in 
particular, the god Apollo developed from a mouse named 
Smintheus. For our book, we have shortened this to Sigma – a 
nickname that is also deeply symbolic in mathematics.

	 We believe this unique way of learning math will help 
students understand and apply abstract ideas. During our time 
as teachers, we’ve seen that narrative is a natural structure the 
human brain easily absorbs and retains. Of course, we know 
that this is an age-old observation, as mythology has always 
carried a deeper, hidden meaning. Our guide for accessing the 
myth of Apollo vs Python comes from the Pythagoreans, who 
found in it the inspiration for the very concept of mathematics.

	 Discovering hidden truths is the heart Algebra. From the 
approach we present here, we hope that students take away a 
greater appreciation of their own abilities to step beyond the 
knowledge they currently possess.

Thank you!  

Ronnie Bryan, PHD and Rosemary Rohde, PHD

http://www.hbarpub.com
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http://www.jamstage.us
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Overview

	 A monstrous snake named Python has attacked Sigma’s 
family in Lycia, separating him from his mother and sister. The 
Titan Goddess of justice Themis intervenes to protect Sigma 
and leads him to shelter at Mt Ida, to the north in Asia Minor. 

Mt Ida

Lycia

Pytho

	 At the base of the mountain, we find the Cave of Visions, 
a sanctuary where Sigma learns the art of prophetic wisdom. 
The cave opens out onto the Agora – a place where the local 
mice come to trade goods. This becomes a testing ground for 
Sigma to understand the principles of math, justice, 
community, and divine law.

	 Within the cave, he discovers a mystical spring that 
channels brilliant mathematicians from the future who impart 
their discoveries to him. Through this, Sigma learns how to 
earn the mathematical weapons and knowledge he will need 
in his battle for justice against Python. 

Mt Ida

Cave of Visions

The
Agora

	 For many months, the monster has ravaged the 
countryside looking for Sigma, wreaking havoc everywhere. 
The Cave of Visions at Mt Ida is the last oracular stronghold 
that Python needs in order to take complete control of the 
land. Although Sigma is driven to reunite with his mother and 
sister, he soon realizes it must be his mission is to unite and 
empower the mice to defend the Agora at any cost.
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How to use this book

	 In each chapter, you will follow Sigma on his path to 
confronts the various challenges that arise. Think about what 
there is to learn from each situation, then turn to the 
corresponding section of Target Practice to practice applying 
the ideas to “real world” situations in the Agora. Work through 
these questions to make learning Algebra easier for you.

	 Target Practice will also challenge your imagination to 
use Sigma’s lessons to create your own scenarios. Invent 
your own stories for the abstract equations and brainstorm 
project ideas to demonstrate your understanding.

******

	 Apollo’s teacher Themis holds the scales justice, which 
implies to us that equality is the foundation for prediction. 
Look around for examples of injustice and inequality and 
challenge yourself to correct these disparities using the 
mathematical skills you learn in Algebra.

	 You can use math as a tool to work with equality as the 
idea that is fundamental to all of the laws of nature. We 
believe that this idea of equality, and all that is connected to 
it, is the best way to understand not only the foundations of 
Algebra, but everything else in the world as well.
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FAIR TRADES
Our hero Sigma has a vision where he 
learns the Properties of Equality from 
Themis, the Goddess of Justice. He 
becomes friends with Epsilon and Small 
Delta, who will help him on a dangerous, 
yet enlightening journey to find his family.



Equality in the Agora
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Themis, you inspire the 
oracles of Apollo

Orphic Hymn

Muses of Ancient Greece, tell us the origin of the god 
Apollo, who loves music and archery, before he achieved 
his prophetic powers, when he was a mere mouse named 
Sigma. His transformation begins with the lessons of 
divine law and prophecy from his teacher Themis, the 
Titan of Justice.

Themis commands: “Rise up from the Earth two tiny 
mice, called Epsilon and Small Delta. Wait for Sigma in 
the enchanted forests of Mt Ida. He will arrive in the 
Agora, a clearing where the mice congregate and trade. 
Teach him the tradition of justice and balance so he may 
hear the music of the Cosmos, Mathematics.”

Epsilon rises first, alert for all injustice, unfairness, or 
inequality, and says, “I will point out any errors I see.” 
Next there comes Small Delta, who is there to point out 
the importance of every little difference. He says , 
“Through the great wisdom of mathematics, I will show 
you how to make changes needed to help correct those 
errors.” He begins to sing a poem for Sigma, drawing him 
north from Lycia to his new home in Mt Ida:

“Math can be easily learned by the mice! 

It’s musical poetry and real life advice.

Know yourself, and using your mind,

Try to solve all of the problems you find!

Come to a place where all mice cross a path; 

Discover the secrets of Mythical Math!”



Balance

! The morning sun casts a warm glow on the Agora as a large 
group of mice busily trade seeds, berries, and other food they have 
gathered from the forest. Sigma watches from afar while a crowd forms 
around two groups rolling giant wheels of cheese into the center, 
arguing off over which is best. 

! The group on the left chants, “Our wheel rolls farther! Our wheel 
is taller!” They stretch their arms to convince the others.

ΔΔ

! The argument grows deafening until Big Delta, leader of the other 
group, knocks the wheel down and props his up as he quiets the crowd. 
The crowd is stunned, and he declares, “Our wheel sits taller.” The 
shouting and arguing escalates again, since no one can agree, trapping 
them at a hopeless impasse.

Δ

! Suddenly, the clamor quiets as the mice sense a new presence 
emerging from the shadows. It is the legendary Sigma, his sigil 
emblazoned in gold on his tunic. 

! As the crowd clusters around him, he begins, “I am Sigma, and I 
am on a quest to find my mother Latona, the Queen of Lycia, and my 
sister Diana. I implore the mice of the Agora to help me.”

! Big Delta responds, “We have heard of you, Sigma, the great 
hunter. You are the mouse who can predict when the berries will fall 
and tell others where to find them. But, you are a long way from your 
home in Lycia, and you can clearly see we have our own problems to 
deal with.” All eyes turn back to the wheels of cheese.

! Sigma offers, “Mice of the Agora, you have keenly observed that 
these two wheels of cheese aren’t the same. But who can prove which 
is bigger than the other? Allow me to offer a solution using the principle 
of balance, as revealed to me by Themis, the Titan Goddess of Justice. 
In her words, equal weights balance on a fair scale.” 

! To illustrate, Sigma lays a small flat branch across a rock to 
demonstrate the equality of two pebbles the same size, and then 
places an extra pebble on one side to show inequality. 

1 = 1 1 < 2

1 11 1
1

1
1
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! Then a muscular mouse with a mighty hammer in his hand steps 
forward and says, “I am Hephaestus. You sound convincing, Sigma, but 
let’s see how strong your words really are.” He hoists his hammer and 
strikes a large branch, splitting and breaking free a smooth flat plank. 
He lays its center on the stone and says, “Now we have a sturdier 
balance to test your theory!”

	 Sigma replies, “Thank you. Now, lift the cheeses onto the 
balance and let the force of the Earth pull down the heavier wheel, 
which will be the winner.” 

	 The mice agree, “Yes, more cheese is better!” and quickly follow 
the advice, relieved there is a way to finally resolve the dispute.

∑

	 They carefully balance the cheeses, then let go. Naturally, the 
heavier wheel tips the beam down. The mice are quiet as they try to 
process the meaning of the demonstration. The tiny mice Epsilon and 
Small Delta, who have been watching, hop up onto Sigma’s shoulders.

	 Epsilon whispers into Sigma’s ear, prompting him to announce, 
“Now we can see the cheese that has been pulled lower is the larger 
find!” Half the mice cheer at the declaration, but the other half seem 
unconvinced. 

	 Small Delta whispers into Sigma’s ear, prompting him to 
continue, “To see how much larger it is, place small pebbles onto the 
higher side one at a time until the balance is restored.” The mice follow 

the instructions, and eventually accept that one cheese is not only 
larger, but it is larger by a specific amount.

	 As the begin to celebrate, Sigma says, “I’m glad I helped you 
with this issue, but we need to focus on a bigger problem. I need your 
help to find and protect my family. Are you ready to help me now?”

	 Big Delta answers, “Sigma, we would like to assist you on your 
quest, but as you can see, we need help ourselves. Last winter we ran 
out of food, and everyone here is afraid it will happen again.”

	 Sigma looks away to the side as he thinks and then answers, “I 
may be able to help you, but I will need to see the food stores you’ve 
gathered so far from the nearby forests.” Excited by his offer, the mice 
scatter and quickly return with various bags of the different kinds of 
food they have hidden around the Agora. 

	 During the commotion, a shy mouse slowly approaches Sigma 
extending to him a small cloth bag.

	 Sigma asks, “Little mouse, what kind of food do you have here?”

	 The small mouse responds, “I have something even more 
valuable than food!” and unfolds the cloth to show Sigma gleaming 
colorful stones. The reflected light splashes onto Sigma’s face as 
Epsilon and Small Delta also marvel at their beauty. 

	 Sigma offers, “These are mesmerizing – especially this blue one. 
Do you mind if I take a closer look, ... ?”

	 The mouse answers, “My name is Peb. They call me that  
because I gather these pebbles. If you like, the blue one is a gift for 
you. The other mice don’t recognize how special they are, but I’m so 
glad you do. It’s always a problem trading them for food.”
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	 Sigma recognizes the significance of the gesture, “Much 
gratitude to you, Peb, for your kind offering. How would you like to be 
my helper? I’ll show you how to find food, and together we can find 
more rare pebbles.”

	 Peb feels that the arrival of Sigma finally signals the end of 
hungry nights and asks, “Me? You would trade food for my help?”

	 Sigma replies, “Yes, of course. You have a natural gift of 
curiosity, and you can be of great value to me. But right now, I need to 
know where I can find shelter for the night.”

	 Peb says, “Come with me. I know of a cave nearby that the mice 
used to use for storage.”

	 Sigma asks Peb, “Why don’t they use the cave anymore?”

	 Peb answers, “No one could ever agree on a fair way to share 
the cave. As soon as one mouse would store food there, another 
would come and steal it. Now it is abandoned.”

	 Sigma replies, “That sounds perfect. Let’s go!”

	 They are soon in the forest at the foothill of the mountain. Soon, 
they find the cave, and slowly enter with a feeling of coolness, comfort, 
and safety. 

	 Naturally curious, Peb says, “Come on Sigma, let’s look around. 
There’s got to be more to see!” 

	 They push further back into the cave and soon discover another 
chamber. As they enter, they are surprised by the light of a shining 
spring and the pooled clear water that seems to be alive with many 
secrets beneath its calm surface.

	 Sigma senses the power of this mystical chamber and 
instinctively clutches the bright blue pebble as he peers into the spring 
and he asks, “How do I find my mother Latona and my sister Diana?” 

	 As they stare into the pool, a harmonious set of pure tones 
ascends and fills the cavern, as a vision of Latona and Diana start to 
appear behind the mist. Sigma cries out, “Mother, is that you?”

	 She calls back, “My dear Sigma! At last, you have found the 
Cave of Visions. Now, we will be able to communicate, but, 
unfortunately, not for long because there is much knowledge you must 
attain before you have the power to rescue me.” 

	 Sigma desperately cries, “Mother! Wait!” as the sparkling vision 
fades, only to replaced by another vision, this time of the face of a 
great philosopher and mathematician from the future: Theano.

-Theano (Θεανώ) of Crotona

9



	 Sigma’s ears widen as he hears her voice, “Great Apollo, god of 
light and knowledge, sharpen your arrows and flex your bow! You are 
truly a great god, waiting to emerge from your mouse form. But to do 
so, you must discover the source of your power: the wisdom of 
mathematics.”

	 Sigma asks, “What is ... mathematics? If that’s how I get 
powerful enough to find my mother, I’m ready to start now!”

	 The vision starts to fade as Theano answers, “Mathematics, my 
beloved Sigma, is The Theory of Numbers. From now on, you must 
pay careful attention to the oracles delivered by this spring because 
you will need them all to defeat the beast who is chasing your family.”

	 Sigma presses, “What is the theory of numbers? What beast is 
chasing my family? What do numbers have to do with justice and 
equality taught to me by Themis?”

	 Theano continues, “You are already familiar with numbers 
because you count how many steps to take or how many berries you 
collect. Now it is time to delve much deeper into their significance. You 
will soon meet a mathematician who teach you how to continue 
working with the metaphor we use to describe the many different kinds 
of value in the world: how much do they weigh? As Themis taught you, 
objects that balance a scale have an equal value of weight, but there is 
much more you can infer from this metaphor. In order to truly know 
yourself and all you are capable of, you must meditate on the 
Properties of Equality.”

	 The image of Theano fades, but her familiar words strike a chord 
as Sigma senses his mission is about more than finding his mother, but 
about realizing his destiny as a great god of light and truth.
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The Art of Counting

	 Sigma is inspired and energized as he feels his power growing. 
Epsilon and Small Delta sense it too, and together, they approach the 
pool again to continue searching for answers. 

	 This time, the waters convey an image of a much larger Agora 
with large buildings of tall white columns reflecting the morning sun. In 
great awe, they step into the vision and look up all around them as 
they cross the expanse, approaching the building at the far end. The 
doors slowly swing open, revealing a great golden scale in the middle 
of a large rotunda. Unlike anything he’s seen before, surrounding the 
scale are piles of scrolls read by men and women wearing white robes.

	 Sigma thinks aloud as he muses on the image of the balanced 
scale, “If numbers are the key to my quest, then I wish to know more 
about them.” 

! One of the scholars approaches him, and introduces himself, “I 
am Diophantus, a scholar in the fine art of mathematics and master of 
the art of counting, here in the Great Museum of Alexandria.”

– Diophantus (Διόφαντος) of Alexandria

! Sigma asks, “What do you mean? What is the art of counting?”

! Diophantus answers, “The art of counting is what will allow you to 
bring justice and balance to everything, especially the food in the 
Agora. From this you will receive the power you will need to fulfill your 
destiny.”

! With Epsilon and Small Delta on his shoulders, Sigma jumps up 
and approaches him, “I want to learn this power.”

! The philosopher answers, “The best way to begin is with the mice 
of the Agora. The mice will soon bring food to store for the winter. You 
will call this place the Cave of Counting. Think of everything you’ve 
learned so far from Themis and we will take it one step further, by using 
equations, which will appear on the north wall of the cave.”

! Sigma asks, “What are equations?”

! Diophantus continues, “Equations are what we will use from now 
on to symbolize and work with our knowledge about things in the world 
that have equal value. They will let us count and organize all the 
different kinds of goods that the mice of the Agora will collect.”

! Sigma asks, “What do you mean by value?”

! Diophantus answers, “Let me illustrate with an example using that 
pebble you are holding. What if one side of this scale holds two blue 
pebbles and one grey one, balanced equally by the other side holding 
one blue pebble and four grey ones.”

! With some concentration, Sigma says, “Yes, I can imagine that. 
What next?”
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! Diophantus continues, “Now, what would be a fair trade for one 
blue pebble? To make this easier and more apparent, we will work with 
symbols to summarize knowledge as we go along. From now on, you 
will see ideas of balance as equations.” 

! Diophantus points down at Sigma’s feet and there appears two 
parallel lines = in the dust. 

! Sigma asks, “What are these lines?”

! Diophantus answers, “That will be your symbol for equality. This 
is how we will know what is equal and how to make any changes to find 
what is unknown.”

! Sigma says, “How does this symbol help me?” 

! Diophantus, “If you don’t know something, write what you do 
know about what you’re looking for from the clues in the scale.” Sigma 
resonates with the revelation and senses it is a key component to 
unlocking the power of equality. 

! Small Delta jumps in and asks Sigma, “Can we have a symbol for 
what we don’t know?” Sigma looks at the pebble and is reminded of the 
intersecting paths of the Agora, x.

! Diophantus says, “Now you have a way to find out what you don’t 
know. Equations are a way to manipulate and understand the art of 
counting.”

! The scale in the rotunda fills with the pebbles from the question, 
with an equation below it.

! Diophantus explains, “As you can see on the scale, the left side 
contains two unknown blue x pebbles and one grey pebble of known 

weight. Together, they equal the right side, which contains another one 
of the unknown blue x pebbles and four more of the known grey 
pebbles.”

3

1
1x

x

x

2x + 1 = x + 4

! Diophantus continues, “Behold before you a simple way to find 
the missing thing you are searching for, once you know that it is part of 
a greater balance.”

! Sigma presses for specifics, “How exactly do I apply what I know 
about equality to find new answers?”

! Diophantus answers, “You just need to apply the properties of 
equality, making sure the two sides say balanced, and we will find the 
unknown. In other words, I will show you how to simplify equations until 
the unknown pebble is isolated and is equal to something that is 
known.”
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! Diophantus continues, “Once again, let’s look at the scale. Allow 
me to demonstrate. Step 1: Remove one grey pebble from each side. 
You can see that the two sides of the scale are still balanced:

3

1 1

x
x

x

2x = x + 3

! “Step 2: Remove one unknown pebble from each side. Once 
again, the two sides are still equal, because whatever we removed, 
even though it was unknown, we know it was the same on both sides.

3

1 1x

x

x

x = 3

! “Finally, you can see that the pebble is isolated on one side of the 
scales.“ Diophantus produces a scroll and says, “Remember what you 
see on this scroll forever, it will be of the greatest value on your quest: 
the Properties of Equality.” 

! As Diophantus and the scholars of Alexandria fade away, they are 
replaced by a vision illuminating the wall:

The Properties of Equality

1. Anything is equal to itself: a = a

2. One side of the balance is equal to the other: if a = x then x = a

3. When two amounts both equal a third amount, then they equal each 
other: if a = x and b = x then a = b

4. If you remove the same amount from both sides of the scales, the 
scales remain balanced: if a = x then a − c = x − c

5. If you add the same amount to both sides of the scales, the scales 
remain balanced: if a = x then a + c = x + c

! As Sigma ponders, he hears the gentle voice of Themis, “Equality 
is the foundation of all mathematics, which will give you the ability to 
predict the future. This will be your tool and weapon to not only unite 
the mice of the Agora, but also to rescue your mother. You must share 
what you learn with others and empower them. Once they are ready 
and their food is safe and secure, they will be eager to help you. 
Remember always the sanctity of equality, and you too will be safe on 
your journey.” The vision of Themis slowly fades away.

! Epsilon offers, “Sigma, all this is great, but the real world has 
many many more unknowns.”
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! Small Delta hops up, “How about this? Let’s see how this works 
with two unknowns. Now imagine red pebbles and blue pebbles. For 
example, let’s picture two red and one blue pebbles one side, balanced 
by two blue, one red, and five grey ones on the other side” 

! Sigma says, “The blue ones are x. Let’s call the red ones y.” He 
grabs a stick and scratches the equation into the dust. Another balance 
scale appears before them.

 

2y + x = 2x + y + 5

! Sigma rearranges the pebbles and announces, “This is fine, as 
long as the red pebble y is 5 more than the blue one.” 

! Epsilon answers, “Yes, that is absolutely correct!” They continue 
like this, with each question more and more challenging, late into the 
night, driven by Sigma’s desire to master his new skill.

! The next morning, when Sigma steps out into the Agora, the mice 
outside crowd around, agitated and arguing. Sigma tunes into their 
conversation. Over the din, he hears one ask him a question.

! Delia asks, “How are we going to avoid running out of food?” 

! Chrysanthe adds, “We have even less than we did last year!”

! Sigma steps up and answers, “Together, we will take control of 
our future. I have had a vision of a large golden scale, like the one 
Hephaestus made, but grander. And I have seen strategies we can use 
to control the unknown factors in our future.”

! Dozens of mouse ears perk up around him as they ask questions 
about the problems on their mind. In every case, Sigma is challenged 
to consider the best and fairest answer, and invariably returns to the 
metaphor of the balanced scale. 

! Chrysanthe asks, “Delia traded three acorns to Big Delta for a 
piece of cheese. Big Delta traded those acorns to Amman for two 
berries. I have two pieces of cheese saved. How many berries should I 
ask for?”

! Sigma answers, “Simply imagine each amount on the balanced 
scale and trade each one, one at a time, until you arrive at the answer.

3a = c
3a = 2b
∴ c = 2b
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 ! He continues, “Even though they weigh different amounts, 
imagine swapping the three almonds for a piece of cheese on the 
scale. Now you can see the value of the cheese is equal to the value of 
two berries. Next, imagine adding another piece of cheese to each side 
of the scale...”

! Chrysanthe realizes, “I should ask for four berries!”

! Even when he doesn’t know the exact answer, he can still 
empower the mice with answers that provoke them to think for 
themselves.

! Amman asks, “Sigma, I want to trade my almonds for hazelnuts. 
How many hazelnuts is a fair trade for one almond?” 

! Sigma answers, “You will need the number of hazelnuts that 
equals the value you find in one almond, but your trading partner will 
only give the number of hazelnuts they feel is equal in value to one 
almond. Come to an agreement that is in between where you both start 
out.”

! Barry wonders, “Sigma, how will I know if my collection of food is 
enough to last the long winter?”

! Sigma answers, “In time, I will show you how to use the idea of 
the balance to weigh your needs against what you have stored 
already.” 

! Then Delia jumps in and asks “Sigma, I think that mouse over 
there stole my acorns. What should I do?”

! Sigma pauses and then advises, “Among the two choices you are 
considering, which has the greater number of advantages and the 
fewest disadvantages?”

! As Sigma teaches them about equality, more and more mice 
come to trade in the Agora. Soon, it is more crowded than ever before, 
producing more food to deal with, but Sigma’s confidence is 
undeterred. 

! Big Delta comes up to Sigma and says, “Sigma, your help has 
been invaluable, but now look how many mice there are here and how 
many more goods there are to manage.”

! He tells Big Delta, “There is no need to worry. As long as we have 
the properties of equality, it doesn’t matter how many mice come here 
to trade. The teachings of Themis apply no matter how large or small 
the numbers. That is what equality means. We can plan for the future, 
and we can resolve all our arguments. When things balance, that is 
how justice works. Now we can make sure there is enough for all.”

! As the mice see the benefit Sigma’s knowledge, they begin to 
discuss the idea of entrusting him with their food to store in the safety 
of the abandoned caverns where he has taken residence. Big Delta 
comes to Sigma with a proposal, “You have taught us about justice and 
how to act fairly and wisely when it comes to weighing and valuing food 
and settling arguments. If you let us store our food in these caverns 
and if you organize it so there is enough for all of us, then we will help 
you find your mother after the winter.”

! Sigma agrees to the proposal, and in a short time, the caverns 
are brimming with piles of food. He looks over to Epsilon and Small 
Delta and says, “I will need help organizing all of this, if I hope to keep 
the trust I have just started to gain.”

! Epsilon observes, “I have no doubt they will hold their end of the 
bargain and help you. Without your help keeping them working 
together, they know they won’t be able to survive winter.”
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! Small Delta adds, “They will be so grateful that they will leave no 
stone unturned looking for your family.”

! Sigma summarizes, “Yes. By satisfying everyone’s needs, we 
have followed the teachings of Themis and have arrived at a fair trade. 
The mice will all survive the winter, and I’m confident we will be able to 
find my mother and sister.”
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Collections

	 One day Sigma is walking around the Cave of Counting with his 
new assistant Peb, busily counting bags and various containers full of 
food. Exasperated, Sigma says, “You know, Peb, every day there are 
more and more different kinds of goods. How are we going to count all 
of this? I know how to use equations for great amounts of food, but I 
don’t know what to do with all these different kinds of food.”

	 Peb stops counting and asks, “What do you mean by kinds, 
Sigma?”

	 Sigma answers, “Look at all the different varieties! There are 
seeds over there, and berries over here. There are seeds that will 
survive the winter and others that are better to eat sooner before they 
go bad. Those apples are in high demand, but there aren’t very many. 
Yet, over here, we have more than enough grains. How can I make 
sure all the mice who trust me with their food won’t regret it this 
winter?”

	 Epsilon cautions Sigma, “Yes, it is apparent that with many 
different kinds of food, there are many choices. The more choices, the 
more likely you’ll make a mistake. What if you accidentally over-
counted or under-counted a mouse family’s contribution? What if an 
individual mouse thinks its unfair that they get less than a family? Or, 
you might take too much of the food for yourself. Then what? The mice 
will think you did this all for yourself and everything will fall apart.”

	 Small Delta anxiously suggests, “Instead of thinking of all the 
ways this could go wrong, let’s try to think of some ways we can 
control it.”

	 Sigma asks, “We have to think of a way to use math to talk about 
all these different piles of food. I know, I’ll ask the luminous pool in the 
Cave of Visions. It worked before and it will work again.”

	 They quickly returns to Cave of Visions and approach pool as a 
harmonious music arises with the voice Arignote. She says, “In order 
to understand how the art of counting can help you with all the kinds 
of food, first you must tell me what is between heaven and earth.” 

– Arignote (Ἀριγνώτη) of Crotona

	 As she speaks, the wall of the cave lights up with nested circles, 
representing a diagram of the universe. Arignote continues, “The E 
refers to everything on Earth, the C refers to everything in the Cosmos, 
and the O refers to domain of Olympos. The area inside each circle is 
what we call a collection or a set. Everyone in the collection of Earth 
and everything in the Cosmos is part of a greater whole we call 
Olympos.”
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	 She explains, “The key is to see that the Earth is also within the 
Cosmos. It is a subset, which we represent with ⊂. Look at this formula 
to see how to express the idea.” The formula appears on the wall:

E ⊂ C

	 Sigma responds, “Right now, I have a huge problem in front of 
me, not up in the sky. I have to count all these kinds of food and I don’t 
know what to do.”

	 Arignote tells him “Do not worry, Sigma. Any big problem can be 
solved by breaking it down into smaller parts. Then solve each part of 
the problem one at a time. Each kind of food is a subset of the whole.”

	 He returns to the Cave of Counting and begins to try to organize 
the items by drawing circles in the sand for different subsets R and S of 
all the items A.  As Sigma organizes the food, Peb writes labels on the 
first four items, a, b, c,  and d. 

	 Sigma says, “I can see that R is a subset of A because it is 
contained within A” and writes R ⊂ A in the sand before continuing, 
“And it also seems like a is contained within R ...”

	 Epsilon points out, “But a is an item, not a set.”

	 Small Delta suggests, “Use the same symbol, just changed a 
little to show that an item is an element of a set.” and writes a ∈ R.

	 Just then, two more formulas appear on the wall of the cave 
showing how to define sets using equations. Sigma says excitedly, as 
if he recognizes an element of his future, “The symbol looks like an 
archer’s bow.”

∑

a b c dSRA

R = {a, b}
S = {c, d}

	 Sigma continues to place items into circles until he and Epsilon 
realize at the same time that some foods are members of more than 
one set.

	 Sigma observes, “I know! If a food item is a member of more 
than one set, I’ll make another set for the overlap.” Sigma erases the 
circles and redraws in the dust the two new circles A and B so that 
they overlap.

	 Small Delta says, “Let’s call that the intersection and change the 
subset symbol again to get a new symbol ∩ to act as a bridge between 
what is common to both sets.” Small Delta writes X = A ∩ B and Peb 
labels the the new item that is in R and is in S with an x.
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a b

S
X

xR c d

	 Epsilon asks, “Now you also need a symbol for when you 
combine the two groups together, to refer the greater whole of all the 
food items.”

	 Sigma answers, “Okay, fair enough. Let’s bring two groups 
together, calling it the union and use the symbol ∪. Now we can see 
that all these items in front of us are elements of the larger combined 
set A.” He writes in the ground A = R ∪ S.

	 They continue labeling items that go into each set, but soon Peb 
complains, “Sigma, I’ve run out of symbols to label bags and I’m 
starting to lose track of what is in each set.” 

	 Small Delta jumps up and suggests, “Why don’t you write small 
numbers at the foot of each symbol? That way you’ll never run out.”

	 Sigma agrees, “Great! Now, if we are counting acorns, the first 
bag would be a1 and the second bag would be a2. With berries, we can 
use b1 and b2. In fact, we can do this for all the different kinds of foods 
in all the sets. Peb, erase the old names and write the new ones!” 

	 Feeling empowered, Peb shouts, “Yay! Now we can count 
anything, in any amount!” 

	 Sigma adds, “The small number by the foot of each element can 
be anything. As we count items, let’s call it the subscript and use the 
letter k to stand for which element we are talking about.” 

X = {x1, x2, x3} 

∑ xk ∈ X

S
XR

a1
a2

a3 a4

x1
x2

x3

b1

b2

	 They all rejoice and Sigma sums it up, “I think we finally have a 
good system for counting the food of the Agora, no matter how much 
or how many different kinds they bring to us.”

	 As he looks around Epsilon notices that despite finding the new 
knowledge, Sigma looks despondent. He asks, “I thought you’d be 
happy Sigma. What is troubling you?”

	 Sigma answers, “I can see how this helps me with the food, but I 
need to know how this helps me find my mother and Diana.”

	 Small Delta proposes, “Let’s go to the Cave of Visions and see if 
there’s an answer.”

	 The groups proceeds back to ask for help. The water starts to 
shimmer and from it rises again the voice of Theano: “Now that you 
know how to count and organize, you will see that this is analogy for 
how you will find your family.”
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	 Sigma respectfully asks her, “What does that word mean? 
Analogy?”

	 Small Delta jumps up and says, “It means seeing how different 
ideas can mean the same thing.”

	 Theano instructs, “Now you will see how all your knowledge of 
organize food using sets and equations will help you on your journey. 
Expand your understanding of sets to include equations as well. That 
will give you a valuable clue to narrowing down where to look for your 
family.”

	 To further explain this, Theano presents two scales side by side 
to show that equations can also belong to sets.

{y = 2x + 1, y = x + 2} 

	 Sigma realizes, “Wow. Look how flexible the set is. We can use it 
for food or equations.”

	 Small Delta says, “And we can use it for solutions of equations 
as well.”

	 Sigma says, “The first equation has one set of solutions and the 
second equation has a different set of solutions. I get it: the answer to 
both equations is...”

	 They all realize that the answer to both equations is the number 
in the intersection of both of the solution sets.

	 Sigma asks, “But how do we know what the numbers are in the 
intersection?” Turning back to the pool, he asks, “Themis, how can I 
solve these equations?”

	 Answering his call, Themis imparts, “You have just gained the 
idea of sets, which are represented by the archer’s bow symbol. As 
you hold the bow in your mind, imagine that it represents the 
knowledge that you already possess, such as the equations. Sigma, 
the power of the oracle stems from being able to extend what you 
know and uncover new things that you didn’t know. Now, what is 
missing?”

	 Sigma answers, “I get it. I’m starting to see. There is no such 
thing as an archer without arrows.”

	 Themis reinforces, “Exactly. From the bow of your current 
knowledge, an arrow will appear that will guide you to the knowledge 
you will need in your future. To find what amount is in the intersection, 
we can apply a Property of Equality. Remember, if two amounts are 
both equal to a third amount, then they are equal to each other.” 

	 Once again, the golden scales appear side by side. Themis 
explains, “Observe what happens when you replace the red pebble y 
with another amount that is equal to it, one blue and two grey.” 
Magically, the amounts switch before them.
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{y = 2x + 1, y = x + 2} → 2x + 1 = x + 2

	 Excited, Sigma says, “And the solution is x = 1. But what about 
the red pebble y?”

	 Small Delta, “Oh I see, then y = 3.”

	 They all agree that there is no limit to the equations they can 
solve using the methods of balance, the Properties of Equality.

	 Then the voice of Theano wisely adds, “What greater knowledge 
of numbers can you discern from this lesson?”

	 Themis adds, “We cannot stop here. Just like there are different 
kinds of seeds to count, there are also different kinds of numbers in 
the Agora. For example, there are the even numbers, such as 4, that 
separate into equal subsets. These can be replaced by sums of equal 
amounts 2 + 2. There are also the odd numbers, such as 5, that 
separate into unequal subsets. These can only be replaced by sums of 
unequal amounts, such as 2 + 3. However, both of these sets of 
numbers are subsets of the greater whole, The Counting Numbers, N.” 

	 They gaze in wonder as a glowing formula appears on the wall.

 N = {1, 2, 3, 4, . . . }

	 As the group beams at the master equation, Themis 
congratulates Sigma, “You have now discovered a divine set of 
numbers to use with the Properties of Equality. These numbers will 
align you with the greater whole and guide you to everything you 
desire to achieve.” 

	 Sigma, exhausted by all the new knowledge, he says, “I am 
starting to understand the power of the art of counting. Is what is 
hidden in this set also an analogy of the location of my mother?”

	 Themis answers, “Yes, Sigma, and very soon you will be 
powerful enough to see how this will provide a solution, but do not get 
overconfident. Very soon you will gain the power of vision to find 
anything that has been hidden.”
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Places, Spaces, and Lines

	 After a deep rest in the Cave of Visions, Sigma is woken up the 
ethereal sounds of the waters calling to him. As the sounds swell, a 
vision of his mother Latona appears.

	 He calls out to her, “Mother are you alright? Are you safe?”

	 Reassuring him, Latona says, “Sigma, your sister and I are safely 
hidden, for now, from those that would harm us. But there is 
something you must know, so you never underestimate the dangers 
that lie ahead in coming to rescue us.”

	 Sigma asks, “Danger? What danger? I don’t even know why 
you’re hiding.”

	 Latona reveals, “A son of Gaia, the ancient monster Python is 
ravaging the Lycian countryside. He is a snake larger than anything 
you can imagine and capable of devouring an entire village of mice. He 
can move with lightning speed across land and sea, and so far, no one 
has been able to defeat him.”

	 Sigma asks, “I will stand up to him. I will rescue you and Diana at 
any cost, whatever it takes. I will search far and wide, but I don’t know 
how to find you. Right now I don’t have a clue.”

	 Latona answers, “Take a deep breath, my brave son. In time, the 
Titan Themis and I will explain all of this to you, especially how to use 
equations to navigate to us.”

	 Sigma, excited, “Navigate? You mean I will go across the sea?”

	 Latona answers, “Yes, and equations are vital to unlocking 
everything that you need to know to find us.”

	 Sigma asks, “But, how are equations used to determine 
directions and find locations?”

	 Latona answers, “Recall what you learned from the scale. Now 
imagine a distance in any direction is like an amount on the scale. 
Draw a box on the ground in front of you and be sure all four sides are 
equal lengths. We call this a square. Now divide each side into ten 
equal parts using pebbles and connect opposite piles with lines.”

	 Latona continues, “Look from left to right along the lower side 
and extend this line with an arrow. From now on, let us call this the x-
axis. Now, imagine the Cave of Counting is at the lower left corner. 
This point, where you live, is called The Origin. The arrow going to the 
right is x, which now represents how far you would go to the east. The 
side going up is y, which represents how far you would go north.”
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	 Latona says, “Peb, go get almond. Take four steps along the x 
axis. We will call this x = 4. Now step forward seven steps along the y 
direction to where y = 6. Where they meet is the point (4,6). Place the 
almond there.”

	 Latona extends, “Good. Now continue expanding the equality.” A 
balance scale and equation appear with two unknowns.

x + y = 10

	 Latona continues, “Try to imagine if you first move east x pebbles 
and then you move north y steps. The equation tells you where you 
could you end up after taking a total of ten steps. But if instead you 
first took six steps east, how many steps would be leftover to go 
north?”

	 Sigma answers, “Then y = 4. That’s the point (6, 4).”

	 Peb places another pebbles on this other point.

	 Latona resumes, “Good. Now draw a diagonal line that connects 
the two points and extend it out in both directions. This line contains 
all the solutions to the equation x + y = 10.”
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	 After Sigma draws the line connecting the points, he observes, 
“There are so many answers! How do I know which one is the right 
one? I could end up in more danger, or shipwrecked. It seems unfair 
that I have to face so many possibilities.”

	 Then, alongside his mother, Themis appears, “Sigma, you have 
done well so far, but the battle that lies ahead is fraught with danger 
and many unknowns. When they appear, it will appear greatly unfair. 
However, you will still prevail, in the end.”

	 Sigma requests, “Thank you , Themis. Show me how I will deal 
with these unfair and unequal situations. What are the properties of 
inequality? I need to know.”

	 Themis answers, “Your first step is to recognize inequality when 
you face it. The challenge is to organize your thinking so it conforms 
with natural order. Then you will know where to search.”

	 Sigma asks, “How does that work?”

	 Themis gives an example, “Start with the idea of equality and 
then imagine it as an inequality.”

	 Latona clarifies, “Sigma, what if you take less than ten steps from 
the cave? Where would you be?”

	 The unbalanced scale appears before the group.

x + y < 10

	 Then the grid of the Agora lights up with the solution set of 
points that satisfy the inequality.
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x+y<10

	 Sigma observes, “Now there are even more possibilities. How 
will I narrow them down?”

	 She explains, “Be patient, my son, and be sure you understand 
this. The rest of the answers will soon be revealed to you, such as how 
you can generate these equations yourself.”

	 The vision of Latona begins to fade away as Sigma calls out, 
“No, wait! I have more questions. I can keep going!”

	 As the vision fades, he hears Themis caution, “Sigma, you will 
know everything you need, but don’t try to move too fast. Your energy 
is useful, but you must preserve it for the long and difficult battle 
ahead.”
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The Scales of Python

	 Suddenly the water becomes turbulent and steaming, agitating 
the serenity of the cave. Appearing before them is a terrifying vision of 
a gigantic snake with a strange symbol emblazoned on his head and 
the counting numbers running down his back.

	 Sigma confronts the vision, “Are you the Python my mother 
warned me about?

	 The snake hisses back, “That I am, Sigma.”

	 Sigma answers, “Then meet your conqueror!”

	 Python laughs, “You can never defeat me, mouse! I am too 
strong and too fast for a puny animal like you. But since you seem to 
think you are my equal in battle, consider these two riddles about 
equality.” 

	 The snake slithers aside to reveal two balanced scales with no 
apparent solutions. 

3
5

5

	 Before he can contemplate the riddles, the scales and the snake 
fade away, and Sigma is horrified to see them replaced with a vision of 
the mice of the Agora fleeing in terror, trying to escape through the 
forest as it burns down all around them. 

	 Sigma collapses to his knees and can barely catch his breath. He 
calls out to Themis for help interpreting what he has seen, and says, 
“What is this vision? It is unlike anything I have ever seen before in the 
forest. I’m a hunter who has seen large game in the forest.”

	 Themis comforts him, “Yes, I too have foreseen the snake named 
Python. He has taken control of the most powerful Oracle at Pytho – at 
the very center of the Earth! He is very dangerous and seeks to 
overtake everything in our world. Everything you have learned about 
balance, he will destroy. He attacked your mother and sister while they 
were out hunting and forced them into hiding. That is why I called you 
here to Mt Ida. It is imperative that you unite the mice and face the 
monster to restore the balance of Justice on Earth.”

	 Sigma asks, “Why does he seek to destroy us? If he’s so 
powerful, how will we defeat him? This is not a fair fight!”

	 Themis answers, “It may not be a fair fight, but it is one you must 
face because you and the magic of Mt Ida are the only forces on Earth 
that can defeat him. But be careful: this snake is very clever. He feels 
that he needs a worthy adversary, and for that, he will try to empower 
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you with more knowledge. He will give you riddles, and you will 
become stronger, but know that he is only setting you up for the kill. ”

	 Sigma rises to his feet and pleads, “I’ll need more than just these 
mice to help me. I’m going to need an army to defeat Python.”

	 Themis answers, “Sigma, these mice are your army, but only if 
you make them aware of the danger, rally them, and lead them to 
victory. If you succeed, you will also find your family, but you must 
gather the weapons of knowledge through the art and wisdom of 
mathematics. Under no circumstances can you let Python capture Mt 
Ida or the Agora, or all is lost.”

	 Sigma wonders, “How can I accomplish all of that? Before 
Python appeared, I had visions of solving problems of equality and 
inequality, but there are so many possibilities that I am now confused.”

	 Themis explains, “That is how Python works. He sows fear and 
uncertainty, but your weapon and your protection will be your 
understanding of the mystery of numbers. There are many more 
variations of numbers that will soon be revealed to you. These will 
enable you to comprehend the laws of the cosmos and answer 
questions you never before even thought to ask. As you solve 
problems, you will expand your sphere of influence as a great leader 
so that eventually you will find your mother.”

	 Sigma is eager for more details, “How will I use these new 
numbers to protect the mice and defend them against Python?”

	 Themis continues, “Once the mice have learned to trust you and 
order is maintained in their survival and business, they will form an 
inclusive community. Then they will become the army with enough 
strength to defeat Python. Once you are all safe, I will guide you on 
your journey across the sea in search of your family.”

	 Sigma asks, “I feel confident that I can help the mice, but how 
will I actually defeat Python? How can equations and sets of numbers 
defeat a giant monster? What else do I need to know?”

	 Themis reveals to Sigma, “Python is a physical form, so even 
beyond the knowledge you gain, you will also need physical weapons 
to defeat him. The balance scale is a sacred object that has revealed 
to you the idea of equality. The concept of sets now will lead you to the 
bow and arrow. Soon, you will go into the deep woods, where 
Hephaestus resides. I have asked him to begin construction a magical 
bow for you to use. Then you will be trained to use math to launch 
arrows toward your enemies over any distance.”

	 Sigma cannot control his joy at the prospect of finally receiving 
the weapon he will use to restore justice. In a voice that echoes 
through the cave he yells a warning, “Watch out, Python! With this bow 
and my set of arrows, you will be history!”
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The Music of the Cosmos

	 As Sigma returns back to the Cave of Counting, Small Delta sits 
on his shoulder and sings a poem to him:

“Justice can always be found in the square;

Equally balanced trading is fair.

If you change one scale, you must change the other;

This is the wisdom that’s learned from the mother!

If you can’t figure out how to proceed,

Use your equations to find what you need.

Move the unknowns to one side of the scales;

This is the method we know never fails.”

	 Sigma responds with a poem of his own:

“The mice will see that I am the best

To lead and protect from the threat in the West.

As the sun rises daily from the ground in the East,

Closer draws Python, the threatening beast.”
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Target Practice

29

Solve problems by applying: 

 The Properties of Equality

 Set Notation

 A synthesis of ideas

 Graphing in the Coordinate Plane

Learning Targets Checklist

 I can cast real world problems as equations.

 I can explain the Properties of Equality.

 I can apply the Properties of Equality to solve multi-step linear equations.

 I can evaluate whether the Properties of Equality have been applied correctly.

 I can explain the concept of Set membership.

 I can apply the concept of Set membership to reason deductively.

 I can evaluate if the concept of Set Membership has been applied correctly.

 I can transfer my understanding of Set Theory to real world categories.

 I can define the set of Natural Numbers, N.

 I can apply the Properties of Equality to solve 2x2 systems using substitution.

 I can apply Set Theory terminology to describe the solutions of inequalities.

 I can graph the solution set of an equation in the x y plane .

 I can graph the solution set of an inequality in the x y plane.



Balance

1. Chrysanthe has been 
gathering flowers to trade for 
other goods in the market. 
When she brings the flowers to 
Sigma to weigh, she places 
them on one side of the scale, 
labeled x, and places four 
medium pebbles on the other 
side. Epsilon whispers, “Too 
many pebbles!” Small Delta 
removes a pebble. Then Epsilon 
says, “Not enough!” Small Delta 
adds a small pebble, but 
Epsilon says, “Still not enough.” 
Small Delta adds four tiny 
pebbles one at a time before 
Epsilon finally says, “Close 
enough.” If five small pebbles 
balance one medium pebble, 
and six tiny pebbles balance 
one small pebble, how many 
tiny pebbles balance the weight 
of Chrysanthe’s flowers?

2. Sigma gives Chrysanthe a 
medium coin in exchange for 
the flowers, which he tells her is 
worth three almonds in the 
Agora. She finds the almond 
vendor, named Amman, arguing 
with a mouse named Barry, who 
is selling berries. She helps 
them weigh the pros and cons 
and eventually agree that six 
berries are equal in value to one 
almond. After their trade, 
Chrysanthe decides she wants 
berries too. What are all the 
different ways she could end up 
with almonds and berries in 
exchange for her medium coin?

3. Back in the cave, Peb sets up 
a system of standard weights 
such that a = 20, b = 10, c = 5, 
d = 2, and e = 1. Using the 
fewest number of weights, how 
many of each type would they 
need to equal a total weight of:

a. 216

b. 343

c. 2,197

d. 4,913

The Art of Counting

1. Delia has two apricots and a 
bag of acorns. Peb finds that 
the bag of acorns weighs 100. 
Then they take the acorns off 
the scale and put the two 
apricots on, but Epsilon says 
they don’t weigh as much as the 
acorns did, so Sigma adds 40 to 
the apricot side to balance it. 
How much does one apricot 
weigh?

2. Sigma spends 60 minutes 
organizing goods the mice bring 
into the cave. For every minute 
it takes to carry the goods into 
the front cavern, it takes another 
three minutes to haul and sort 
them into the correct back 
cavern. How many minutes did 
Sigma spend doing each task?

3. Big Delta and three members 
of his hunting party bring goods 
to the cave worth 80 small 
coins. They spend four of them 
on goods to store in the cave. If 
every member of the hunting 
party gets an equal share of the 
remaining coins, how many do 
they each get?

4. Throughout the day of trade 
at the Agora, Peb observes the 
mice making various deals. 
Write an equation to express the 
unknown in each situation; then 
solve for the unknown.

a. After a discount of seven 
coins, a mouse paid 28. What 
was the original price?

b. After getting eight more 
berries, a mouse’s total was 13. 
What was the original number of 
berries?

c. The price for a set of 
hazelnuts was 90, but a mouse 
ended up paying only 75. What 
was the discount?

d. A mouse paid 20 coins for 
three bags of seeds, two 
hazelnuts worth three coins 
each, and a berry worth 2 coins. 
How much is one bag of seeds?

e. Let the price of a bag of 
seeds be x. After buying one 
bag of seeds, a mouse who 
started with β coins has the 
same amount as the mouse she 
bought the seeds from, who 
started with γ coins. How much 
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is a bag of seeds, in terms of β 
and γ?

5. Peb uses equations to write 
down more examples of 
interactions in the Agora. For 
each equation, find the 
unknown x and suggest a story 
that could correspond to the 
situation.

a. 1 + x + 7 = 12

b.  x − 3 + x = 13

c.  2 + x + 5 + x − 1 = 24

d.  x − 7 = 21 − x

e.  8 + x + 5 = 23 − x − 2

f.  x + c − g = b

g.  x − ψ − τ = ϕ

h.  μ − x − θ = π + ρ

i.  x + g = t − x

6. Sigma gives Peb 25 coins to 
buy items in the Agora and says 
that buying more of one kind 
can get a discount. For 
example, pomegranate seeds 
are 4 per coin or 9 for two coins. 

Almonds are 2 per coin or 5 for 
two coins. Three peanuts are 
worth one almond, but seven 
peanuts are worth two almonds. 
Today, five pistachios are worth 
2 almonds. Peb wants to get at 
least three different kinds of 
food. What is one way it would 
be possible for Peb to spend 
every coin? 

7. The king of a nearby territory 
sends an order to the Agora to 
purchase food for a feast. He 
has a budget of 168 flecks of 
gold. Sigma sets the prices for a 
fair deal as: Plums are 7, 
Apricots are 6, Pears are 6, 
Apples are 7, Grapes are 11. 
Bags of: Almonds are 4, 
Hazelnuts are 3, Walnuts are 2, 
Pistachios are 5, Pine Nuts are 
2, and Peanuts are 3. Plan the 
king’s order so that he gets at 
least three of everything.

8. Solve the following equations 
for x, in terms of the information 
in the question. If you have 
trouble interpreting an equation 
with only variables in it, make up 
a value for each variable 
(besides x), solve like normal, 
and then substitute back the 

variable names instead of 
calculating the answer.

a. 4x − 1 = 15

b.  5x + 11 = 36

c.  45 − 3x = 15

d.  5 + 7x − 3 = 23

e.  3x + 4 + 12x = 49

f.   5x + 4 = 28 − x

g.  3x − 10 − 8x = 5x − 120

h.  4x − 4 + 5x = 7x − 8

i.   x + b + c + x − d = e

j.   γ − x + β + α = x

k.  αx − βx = ϕ

9. Determine if x = 2 is a 
solution to the following 
equations:

a. x + 7 = 7 − x

b. 8 − x = x + x + 4

c. 12 − x = 8 + x

10. A mouse in the Agora tries to 
solve an equation, but makes 
a mistake along the way. 
Find where the mistake 
happened and explain how to 
solve the equation:

x + 7 + 3 + x = 16 − x + 8 − 7

Add x to both sides:

x + 7 + 3 + x + x = 16 + 8 − 7

Subtract 7 from each side:

x + 3 + x + x = 16 + 8

Subtract 3 from each side:

x + x + x = 16 + 5

Simplify each side:

3x = 21

Therefore, x = 7
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Collections

1. Translate each statement into 
English. Let S be seeds, R be 
rare items, and L be small 
items. Let x be the item.

a. x ∈ R ∩ L

b. x ∈ S ∩ L

c.  x ∈ R ∩ L ∩ S

2. Let A = {α, β, γ, θ}, 
B = {β, ζ, η, θ}, and 
C = {ζ, λ, μ, ν}. Which 
elements are members of the 
following sets?

a. A ∩ B

b. B ∪ C

c. A ∩ C

d. {A ∪ B} ∩ C

3. Let N be the natural numbers, 
E be the even numbers and D 
be the odd numbers. Let S be 
the square numbers and H be 
multiplies of three and P be 
the prime numbers. Evaluate 
each statement as true or 
false and explain your answer.

a. E ∪ D = N

b. E ∩ D = {}

c. S ⊂ E

d. S ⊂ N

e. P ⊂ N

f. H ⊂ D

g. 16 ∈ {S ∩ E}

h. 4 ∈ {S ∩ D}

i. 4 ∈ {E ∪ S}

j. X ⊂ {X ∪ A}

k. X ⊂ {X ∩ A}

l. 12 ∈ {T ∩ E}

m. P ∩ E = 2

4. Use Set Notation to express 
the following sets

a. Odd squares

b. Numbers that are even or 
square

5. Give examples of items that 
would be members of each 

set and then draw a Venn 
Diagram to illustrate the sets

a. F = Kinds of food

b. L = Kinds of food that can 
be stored in the long term

c. R = Rare food

d. D = Delicious food

6. Determine if the following 
statements are true or false 
and explain your reasoning.

a. {A ⊂ X, X ⊂ Y} → A ⊂ Y

b. {A ⊂ X, A ⊂ Y} → X = Y

c. {A ⊂ X, A ⊂ Y} → X ⊂ Y

7. Solve for (x, y) in each set of 
equations

a. {y = 2x + 1
y = x + 2

b. {y = 5x − 1
y = 2 − x

c. {2y = x + 1
y + x = 5

d. {y = m1x + b1

y = m2x + b2

8. List possible x. Use { } to 
signify the empty set and 
use ... to signify a repeating 
pattern.

a. {x + 5 < 10} ∩ {x − 1 > 2} ∩ N

b. {x − 1 > 4} ∩ {x − 1 < 2} ∩ N

c. {x − 1 > 4} ∪ {x − 1 < 2} ∩ N

d. {x > 4} ∩ {x < 25} ∩ P
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Places and Spaces

1. Graph the following equations 
in the x y plane for x, y ∈ N. 
Describe in words how each 
equation would direct you to 
navigate the Agora.

a. x + y = 5

b. 2x + y = 7

c. x − y = 10

d. y − x = 8

2. Graph the following 
inequalities in the x y plane for 
x, y ∈ N. Describe in words how 
each equation would direct you 
to navigate the Agora.

a. x + y > 6

b. 2x + y ≤ 7

c. x − y < 10

d. y − x < 8

3. Scavenger hunt

4. Create your own

5. Plot these sets of equations at 
the same time to see where 
they intersect

{ x + y = 2
x + 2y = 3

 !  { x + y = 5
x + 2y = 8

!    { x + y = 8
x + 2y = 11

         

{ x + y = 12
x + 2y = 20
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the SUM GOD
Sigma practices his aim and discovers a shortcut for 
counting large amounts, the Product. He uses his 
method to quickly add up all the food stored so far 
by the mice, and soon discovers that he has opened 
up much more power than he originally thought.



A Mouse Named Sigma

35

Apollo, whom Leto of 

the lovely hair bore: 

Hear me, lord of the 

silver bow Σμινθεος!
Homer’s Iliad

Sigma applies the Properties of Equality for all the mice 
who come to the Agora, and he rises in fame throughout 
the surrounding lands. Soon, there is so much food to 
count, he looks to the Cave of Visions for help.

Themis appears and commands, “Sigma, visit the forge 
high up the slope of Mt Ida where Hephaestus has 
completed the creation of your divine weapon, the bow. 
Practice your aim and count your successes. Soon you 
will also see how to find the balance of the goods of the 
Agora.”

Epsilon watches where the arrows land, and Small Delta 
nudges the angle of Sigma’s bow. Sigma counts the 
score and notices the repeated sums. Soon, he notices a 
pattern that he can use to help the mice too. 

Then Small Delta sings a poem for Sigma, as they work:

“Sigma counts all the goods for the mice.

Well not all the goods, just enough to suffice.

Each pile of food is the sum of its parts.

Dividing them equally is where it all starts.

But that’s not the limit of what we can do.

We know many patterns, and good guesses too!”



Sums

	 Sigma bounds down the mountain carrying his new bow, arrows, 
and target, eager to begin practicing with them. He arrives at a tree in 
a secluded area and senses the opportunity to begin. 

	 Epsilon and Small Delta hop onto his shoulders as he nocks the 
first arrow, aims straight at the center, and releases it. The arrow 
almost instantly flies across the distance and lands in the circular 
target, but has fallen toward the outer edge on the bottom.

	 Epsilon points out, “Sigma, that was good. It hit the target, but it 
wasn’t quite in the center.”

	 Small Delta adds, “Sigma, maybe if you aim a little higher.” 

	 Sigma aims a bit higher with each of the next three arrows until 
the last one is almost at the bullseye.

	 Sigma declares, “I intend to take my training seriously, so that I 
can be confident when I face Python. For each set of arrows I shoot, I 
will keep track of what my total score is. The outer circle will be worth 
one point and each step closer will be worth one point more.”

	 Epsilon answers, “Fair enough. And what is your total so far?”

	 Sigma answers, “My first arrow was worth one, my next was 
worth two. My third was worth three, and my fourth was worth four. 
Now, my fifth arrow will be worth five!” 

	 Sigma loads the fifth arrow and aims a bit higher, hoping for the 
center. As he focuses his mind on the target, for the first time away 
from the cave, an equation appears before the group, summarizing 
their knowledge so far.

∑

for k ∈ N, let
4

∑
k=1

k = 1 + 2 + 3 + 4 

 	 The arrow lands in the golden circle in the center of the target. 
Epsilon congratulates Sigma and asks, “Can you do it again?”

	 Small Delta advises, “Don’t change a thing. Aim the exact same 
way again.”

	 Sigma fires the next arrow and hits the bullseye again. Inspired 
by the power of the bow, and sensing he is on the verge of a deep 
truth, he says to the team, “I feel that my last two shots were equal to 
all four of the previous ones combined.”

1 + 2 + 3 + 4 = 5 + 5

	 Epsilon asks again, “It seems so, but can you hit the center 
consistently? Can you repeat your success?”

	 Sigma answers, “I am sure that I can, but there is only one way 
to find out. I’ll practice until hit the center every time.”

	 Epsilon points out, “If you really want to improve, aim for the 
even smaller circle in the very middle.”

	 Small Delta suggests, “If you break each circle into two parts, the 
dead center would be worth a total of ten.”
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	 Sigma declares, “Then let’s see how many tens I can hit.”

	 After each shot, Epsilon records the position where the arrow 
lands and tells Sigma how close he was to the ten. Then Small Delta 
tells Sigma how to adjust his aim so that he can get closer on the next 
try. When the round is done, Sigma counts the total for the entire set of 
arrows.

	 He thinks aloud, “I shot n arrows, so now I just have to count 
how much each one adds to the total.”

∑

n

ak

n

∑
k=1

ak = a1 + a2 + a3 + . . . + an 

	 Sigma continues to practice until his aim becomes more and 
more consistent. He learns to draw the bow to the same length each 
time, to hold the bow at the same angle, and to release the arrow 
smoothly so it flies straight. Soon, he feels that the bow is an 
extension of himself and he can control the flight perfectly as he sends 
arrow after arrow at the center.

	 Epsilon exclaims, “Wow, Sigma, all six arrows landed exactly in 
the middle this time again!”

	 Small Delta observes, “This should be easy to add up. Actually, 
you’ve already done it!”

	 At that moment, it dawns on Sigma what the lesson is that 
Themis meant for him to learn. He explains, “You’re right, Small Delta. I 
have already done it, and I have a feeling I will do it again in the future. 
When it happens, I will always know what the total will be. I just have 
to remember what it was this time.”

6

∑
k=1

10 = 60

	 Epsilon asks, “But what if the number of arrows is different?”

	 Small Delta says, “Make it work for any number of arrows, 
Sigma!”

	 Sigma answers them, “I can do even better than that. Not only 
can I do it for any number of arrows, I can do it for any amount they 
are each worth. No matter what the amount is, I will know what the 
product will be of summing it up any number of times.”

	 Sigma thinks aloud, “I will shoot n arrows, and each will be worth 
m points. I don’t need to add them up.” He steps aside from the target, 
and a vision of an equation appears before them:

n

∑
k=1

m = n ⋅ m

	 With the revelation of the product, Sigma recognizes it’s time to 
return to the Cave of Counting to apply his new knowledge to help the 
mice. 
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Products

	 The trio return to the Cave of Counting and see that the mice 
have gathered quite a bit of food that day. Sigma hangs the bow in the 
cave and surveys the scene of all the food. Alexander has organized 
the different types of food into separate piles, as instructed by Sigma.

	 Sigma tells him, “Good work, Alexander. Now let’s count all of 
this quickly. Get all of those cloth bags and tell the others to all put the 
same amount of seeds in each bag.”

	 Sigma demonstrates filling a bag, counting aloud until the bag is 
full. He announces, “Put ten seeds in each bag.”

	 Alexander calls out the orders to the group, and the mice all run 
around filling the bags until each is equally full. As they work in parallel, 
each filling one bag, the whole job takes a fraction of the time and is 
soon done. Then Alexander asks Sigma, “Now that the seeds are all 
inside the bags, how are you going to count them?”

	 Sigma answers, “You’ve already counted them! All I need to 
know is how many bags there are, and I will multiply that by ten to find 
out how many seeds there are.”

	 Peb steps in and asks, “How will you count how many bags 
there are?”

	 Sigma looks into the cave and sees why Peb asked – it is full of 
bags heaped onto each other in disarray. Then he looks to the cave 
entrance and sees his bow hanging there, pointing to a pile that is 
neatly stacked. A familiar equation fills the north wall of the cave.

∑
 

4

∑
k=1

k = 1 + 2 + 3 + 4 

	 Sigma points to the triangular pile, “Alexander and Peb, notice 
the pattern in this shape. Watch as I rearrange it. I’ll take the bag on 
top and lay it next to the bottom row, making a row of five. Then I’ll 
take the two bags left on top and lay them next to the row of three, 
making another five. Now we have two rows of five each.”

∑
4

∑
k=1

k = 5 ⋅ 2 

	 Sigma explains, “There are ten bags in this shape. Since each 
bag has ten seeds, that means that there are one hundred seeds in 
this pile. Alexander, you will tell the mice to arrange the bags into 
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triangular piles like this. Peb, you will put a pebble onto the scale for 
each pile. This way we’ll all work together to get the job done.” 

	 As the mice all work together, they tile the floor of the cave with 
different kinds of bags. Soon, they notice that the triangular piles of ten 
all fit together into a large six sided shape of sixty. Another equation 
appears on the wall of the cave showing this product.

6

∑
k=1

10 = 60 

	 Sigma wonders at this example of the product and senses that 
he should return to the Cave of Visions to see how he can use it to 
help the mice. 

	 From the musical water rises the voice of the mathematician and 
philosopher Ptolemais. She says to Sigma, “The product of two 
numbers is the same regardless of the order.” Then the cave 
illuminates with an equation. She tells Sigma, “This is the Commutative 
Property. You can also group the bags in any order you like. This is the 
Associative Property. These are your special properties, which you will 
be able to use against Python.”

	 Sigma hops up onto a rectangular pile and looks down at it to 
make sense of the equation from two points of view.

∑

∑

b

∑ a =
a

∑ b 
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	 Sigma returns to the Cave of Counting and tells Peb and 
Alexander, “Continue to place the bags into the hexagon shape, but 
now group them end to end to make a large hexagon.” The mice work 
all day until the six sided piles go all the way around and return to the 
original pile. Sigma stands in the middle and contemplates the result.

∑

6

∑
k=1

60 = 360 

	 Peb observes, “Wow, Sigma! I’m sure we have enough food for 
all the mice by now.”

	 Epsilon points out, “Sigma, more and more mice come to the 
Agora every day. What if they continue to pour in, especially once they 
hear we have all these food reserves?”

	 Small Delta suggests, “We should anticipate how many mice will 
arrive and prepare for every possibility.”

	 Sigma says, “You are right. Let us return to the Cave of Visions to 
see how to use this new skill to predict how many mice will have joined 
us by winter.”

40



Arithmetic Sequences

	 The waters of the Cave of Visions sing as Themis appears before 
the group. She says to Sigma, “You have discovered a vital secret - the 
Product - by rearranging the bags of food in the Cave of Counting to 
make them easier to count.”

	 Sigma answers, “Yes, Themis. Even though we changed the 
shape, the total amount remains equal, as you have taught me. I was 
able to do this because I noticed a pattern in the arrangement. Now 
that we can count food more quickly, my question is whether the food 
we are gathering will be enough for all the mice this winter.”

	 Themis continues, “The question you ask now can be answered 
the same way, if you can see the pattern. Suppose the Agora started 
with just one mouse, but each day it grew by two. If you wish to know 
how many mice there will be on any given day, simply look to the 
previous day and then add 2.” The cave wall shows the equations:

{ a1 = 1
ak = ak−1 + 2

	 Sigma asks, “I can see the pattern continues as 1, 3, 5, and 7. 
There must be a faster way to find the total for any given day n.”

	 Themis answers, “You are right, Sigma. How many times does 
the increase occur on day n?”

	 Sigma quickly answers, “It grows n times...”

	 Epsilon jumps in, “No, Sigma. That’s not right! The Agora hasn’t 
grown yet on the first day.”

	 Small Delta suggests, “Just count the jumps between days.”

	 Sigma shakes off the mistake and continues to think aloud, “It 
grows n − 1 times, and each time it grows by 2. That is also a product.” 

∑
k = 1, 2, 3, 4, . . . n

n − 1

2

a1 + (n − 1) ⋅ 2

	 Themis says, “Good, Sigma. Now you must just find d, how 
much the Agora actually is growing each time, and then you will be 
able to extrapolate into the future to predict an.” 

	 The equation illuminates the cave showing the amount of mice 
on day n of the pattern.

an = a1 + (n − 1) ⋅ d 
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Arithmetic Series

	 Sigma continues to ask Themis for help seeing what will happen 
in the Agora come winter, “Themis, this is good. I can find out how 
many mice there will be, but I still need to know how much food we 
will have. Can I use this technique to answer both questions?”

	 Themis answers, “You wish to know the future, so you must think 
abstractly about things that may change. I see that you have 
discovered the Tetractys, the triangular pattern of 1, 2, 3, and 4. This 
sacred symbol holds the key. Now, imagine what would happen if you 
continued the pattern.” An equation illuminates the cave. 

n

∑
k=1

k = 1 + 2 + 3 + . . . + (n − 1) + n  

	 Themis continues, “We can rearrange the order of this large sum 
without changing what it equals. Pair the smallest number with the 
largest number until every number is part of a pair.”

	 Sigma realizes, “They all have an equal value of n + 1. This is the 
product again, but now there are half as many groups.” The equation 
in the cave simplifies to a product.

n

∑
k=1

k =
n
2

⋅ (n + 1) 

	 Sigma asks, “What does that equation mean, with the two 
underneath the number?”

	 Themis answers, “For every even number, there is a number that 
you can count to twice to equal that number. This is what we call half 
the number. It is just the number of pairs of numbers in the sum.”

	 Sigma asks, “What if the number is not even? How can we find 
half of an odd number?”

	 Themis answers, “Excellent question, Sigma. You will see that 
there is a way, but for this question, you don’t need to worry about it. If 
the number n is odd, then the number n + 1 must be even! Divide into 
half whichever number is even.”

	 Sigma asks, “Because the product is associative? And we can 
use these same tricks for other lists of numbers, such as how much 
food each mouse brings us?”

	 Themis answers, “Yes, Sigma. The principle is the same. Imagine 
that each mouse contributes the same amount to the food store. On 
the first day, there were a1 mice and they each contributed one share.”

	 Sigma confirms, “Yes, Themis. I understand that we are treating 
the situation as though every mouse were equal and contributed the 
same amount. Epsilon will surely point out that this is not perfectly 
true, but I can see why we will use the idea.”

	 Themis smiles, “Good, Sigma. Now, on the second day, there are 
a2 mice, and so on, forming the large sum.” The equation lights up on 
the wall of the cave above the spring.

n

∑
k=1

ak = a1 + a2 + . . . + an−1 + an 

	 Sigma exclaims, “That is the same equation I saw when I added 
up the score of my arrows.”

	 Themis affirms, “Yes, it is. However, in this case we think that the 
amount increases equally each time, just like it did with the triangular 
numbers.”
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	 Sigma offers, “We will pair these amounts up to find their sum by 
using the product.” The equation simplifies, once again.

n

∑
k=1

ak =
n
2

⋅ (an + a1) 

	 Sigma asks, “So all I have to do is find out d, how much the 
Agora is increasing each time? Then I will be able to predict how many 
mice there will be and the total of all the contributions?”

	 Themis answers, “Exactly, Sigma. But now, be warned. You must 
prepare yourself for adversity. Python will be no easy enemy, and he 
will not follow this simple pattern. He will change quickly, abruptly, 
leaving you wondering where he will strike next. It is important that you 
recognize the world is full of many different patterns. The triangular 
numbers and the arithmetic sequence are just the beginning. To find 
out how to adapt these methods to the real world, you must go out 
into it and meet the Big Deltas.”

	 Sigma responds, “I am ready for it! I have already met their 
leader, Big Delta, and we have worked together on the balance scale.”

	 Themis answers, “Good, Sigma. However the Big Deltas are a 
very diverse group and they are constantly changing. You will see them 
everywhere, and always doing different things. Now you must leave 
the cave and encounter Delta X, a sneaky trickster of the group. 
Understand his abilities and you will be able to use them to store food 
for the mice, but also to aim your arrows at Python. And remember, 
Sigma – no matter what he does, remember to keep your cool and 
think about the future!”
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Delta X

	 Sigma grabs his bow and arrow and strolls confidently out of the 
cave, followed by his companions Epsilon, Small Delta, and Peb. As he 
crosses the open space, they see a cheerful and rambunctious mouse 
holding up a huge, tasty looking fruit no one has seen before, bragging 
about how he found it on the far side of the mountain. Sigma sees by 
the sigil on the mouse’s tunic that he has just found Delta X.

	 Delta X has also just found Sigma. He calls out across the 
square, “Greetings, Sigma! The legendary counter! Have you ever seen 
this fruit? It’s called a fig. What do you figure this is worth?” He laughs 
and hoots with the other Deltas around him.

	 Delta X continues, “I bet you wish you could have been there 
with us when we found it. Well, at least you get to count it for 
everyone, right?” The Deltas all laugh again as the jokes continue.

	 Sigma retorts, “Delta X, you are lucky I wasn’t there with you or I 
would have been the one to find it. Either that or I would have found 
something even better.” 

	 Delta X laughs and entertains Sigma’s boast, “If you say so, 
Sigma! I’m sure if you are half as awesome as everyone says, then you 
should have no trouble showing me up. But why do you insist on 
carrying that silly bow and arrow? You can’t catch anything with that!”

	 Sigma defends himself, “I can catch more than you know!” He 
loads his bow, aims it high into a bush, and releases the arrow so that 
it pierces a branch holding a berry, which lands on the ground in the 
middle of the square. He wins the crowd with this display of skill.

	 However, Delta X challenges him, “Impressive, Sigma. But I bet 
you couldn’t even catch a fig, even if it was right in front of you. In fact, 
look, I bet you can’t even hit this fig.” Delta X holds the fig out in one 

paw for everyone to see. Sigma turns to look at the prize and quickly 
loads his bow to catch it. 

	 As soon as the arrow flies loose from the bow, Delta X lets the fig 
drop out of the way to a new position x2

Δx Δxx2

x1

x2 = x1 + Δx 

	 The arrow flies past and the crowd laughs and delights in the 
hilarious trick. Sigma feels the competition was unfair, but he also feels 
he should have known better than to act so hastily. Epsilon adds, “That 
was a dangerous game to play, Sigma.”

	 Sigma complains to Delta X, “You changed it!” 

	 Delta X counters, merrily, “Change is good, Sigma! Without 
change, life would be very boring indeed!”

	 Sigma’s anger and disappointment only intensify when Delta X 
throws him the fig and teases him one last time, “Well maybe next 
time! If you really are the one to lead the Agora, we better hope 
nothing ever changes! Why don’t you just admit that if there’s a mouse 
who can lead the Agora, it should be me, not you! These mice need 
someone who understands the power of taking away and not just 
adding up.” Sigma sees an equation overlaid on the mouse Delta X:

Δx = x2 − x1
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	 Sigma, rattled, “That’s nothing special! That’s just counting, but 
backwards!”

	 The Deltas hoot and laugh to see Sigma so worked up. They 
back away, while carrying on celebrating with the others.

	 Small Delta apologizes to Sigma, “That was very different than 
what I thought was going to happen.”

	 Sigma replies, “It’s okay. I need to return to the cave to think.”

	 Back at the cave, Peb tells Sigma, “I know that was a tough 
lesson, but I think we learned something really valuable. All we have to 
do is find the difference from one day to the next by counting 
backwards like Delta X. Then you’ll know d like Themis said.”

	 Sigma agrees, “Yes, that is a lesson I won’t forget. We can use it 
to keep track of how the Agora grows.”
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The Integers

	 Sigma tries to apply the ideas of the Deltas to learn more about 
numbers. He counts backwards trying to recreate their logic. He soon 
wonders what could come before the first number. He catches a vision 
of Python, with open circle on his head and the counting numbers 
running along his back. Sigma whispers to himself the name of what 
comes before the first number, “Zero.”

	 The snake flips around, revealing that running along the belly, 
opposite to each counting number, are those same numbers again, but 
with a subtraction sign in front.

	 Sigma observes, “The numbers in each pair seem to negate 
each other. Zero minus one is negative one. Zero minus two is negative 
two. What are these negative numbers?” 

	 Python disappears and is replaced by his father Zeus, in the form 
of a mighty eagle. Zeus speaks, “Sigma, you have done well so far in 
the Agora and your powers of clairvoyance are growing. I can tell you 
have some questions, so let me give you some advice. Order matters. 
Order is everything we are trying to achieve. Maintain order in the 
Agora by making peace with the Deltas. Recognize that negative 

numbers help us know which way we are going. You are getting closer 
to the whole story about numbers.”

Z = {0, 1, − 1, 2, − 2, 3, − 3, . . . } 	

	 Sigma says, “I can see within this set is the Natural Numbers and 
a number to represent the nothing that is left once the positive and 
negative numbers cancel. “The Natural Numbers are themselves part 
of a greater set of numbers, the Integers.”

N ⊂ Z 

	 Zeus answers, “You are correct, my son. Can you see how to use 
this knowledge to your advantage now?”

	 Sigma has an epiphany and announces to the group, “With the 
existence of negative numbers, I can do what the Deltas can do. 
Taking away is the same thing as adding, but using negative numbers.”

	 Epsilon asks, “But do these strange new numbers obey the rules 
of Themis, the Properties of Equality?”

	 Small Delta answers, “Try them out, but using negatives!”

	 Sigma says, “I can see that they do obey equality. Adding a 
negative to both sides of an equation is the same as taking away a 
positive from each side. The system still works.”

	 Zeus smiles, and flies away, leaving the group to continue 
puzzling over the powers they are gaining.
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The Rational Numbers

	 Sigma continues, “I see that we need to notice how things are 
changing, whether they are increasing or decreasing. We can definitely 
do that. But there must be more. And there must be a way to beat 
Delta X. I’ve been thinking: the Deltas divide up the efforts of their 
labor evenly, giving each mouse in the hunting party an equal part of 
the hunt. Correct?”

	 Epsilon answers, “Yes, to my knowledge, that would seem so.”

	 Sigma continues, “What would they do if the hunt didn’t divide 
into equal portions? Suppose two of them only caught one fig.”

	 Small Delta answers, “They would cut it up smaller, make it more 
pieces to share. They would call it one divided by two and each gets 
half. Just the same way as you divided the list when you paired up the 
terms in the arithmetic sequence.”

	 Sigma sees an vision of two Deltas dividing up one fig and 
notices, “The amount each mouse gets is still a number. Each would 
get a certain ration or quota from the whole.” An equation appears 
below the image suggesting a new kind of numbers, the Rational 
Numbers Q.

ΔΔ

1
2

1
2

∈ Q

	 Sigma answers, “So the Deltas can undo the product by 
repeated taking away. I must figure out a way to use this against 
Python.”

	 Small Delta suggests, “Try it on one of Python’s riddles.”

5

2x = 5 → x =
5
2

	 Sigma asks, “This must be the answer, but is it a number?”

	 Peb answers, “Well, you can’t half half of a pebble, but you can 
give half of a fruit to two mice and they will still be equal.”

	 Sigma answers, “Yes, these ratios seem to obey the Properties 
of Equality. I will ask Themis about them to learn more.”

	 Then a vision of the set appears before the group:

Q = {1
1

,
1
2

,
1
3

, . . . −
1
1

, −
1
2

, −
1
3

, . . .
2
1

,
2
2

,
2
3

, . . . } 

	 Sigma says, “This is the largest set of numbers yet!”

N ⊂ Z ⊂ Q

	 Sigma asks, “But how can we use all these numbers?”
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Space and Time 

! From darkness of the cave emerges a new vision of an elegant 
crane, wearing a hooded robe, carrying a torch. Sigma marvels at the 
play of shadows as she carries the flame forward and plants it in the 
ground.

! She introduces herself, “I am Hestia, firstborn of Gaia and 
Kronos. You are just at the beginning of your journey inheriting the 
power of the Earth. I foresee you will do great things, so I am here to 
set your destiny in motion.”

! Sigma says, “Thank you, Hestia. I feel that I definitely need help  
sorting out what all these numbers mean and how I will use them to 
predict the future for the Agora.”

! Hestia continues, “Here is a new way to think about the future: 
treat time the same as space. Take your map of the Agora, for example. 
You can see where everything is on your grid. Now, just consider when 
everything is too. Imagine a mouse has started moving forward in some 
direction. Call their distance in that direction x. Now watch on the graph 
as their position changes. Can you see that the mouse will get the fig?”

! Sigma continues, “I guess this mouse is luckier than I am.”

! She traces a line downward from where the mouse catches the 
fig and continues, “When will the mouse catch the fig, Sigma?”

! He guesses, “I don’t know. Maybe t = 10.”

! Epsilon cant help himself, “Ooh, not quite, Sigma!”

!

x

t

(1,1)

(5,4)

∑

! Sigma gets frustrated, “I need an equation for this line!”

! Small Delta suggests, “Try thinking like a Delta.”

.! Sigma, honestly, “That’s not quite what I had in mind.”

!
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Slope

	 Hestia initiates, “Remember what your mother Queenly Latona 
taught you about lines, and what wise Themis taught you about 
equality. Now consider what you can learn from your rival, Delta X. The 
Deltas see everything as space, even time. Now is the first time when 
you will put together negative numbers and ratios.”

	 Then Sigma witnesses Delta X carrying Delta Y, counting out the 
changes in space and time. A third mouse was working with them, 
keeping track of the ratio.

	 Hestia explains, “The Deltas imagine changes are like slope of 
the great mountain, Ida. They work together and ratio out changes in 
the upward direction Δy for every change in the sideways direction Δx. 
The third mouse pretends the amounts are like food to divide.”

m =
Δy
Δx

	 Sigma asks skeptically, “And how is that useful? Pretending time 
is distance and distance is food?”

	 Hestia requests, “You tell me. You have all the clues.”

	 Sigma starts, “Okay, then more pretending! First, get rid of that 
ratio! Multiply both sides by Δx, what they were trying to divide by. 
Now, let’s get rid of those Deltas. Trade Δy for y2 − y1 and Δx for 
x2 − x1.”

	 Hestia confirms, “That is correct, Sigma. You have now 
discovered Point-Slope Form. Now you can draw a line of any slope 
that passes through any point.”

	 The logical steps appear under the vision of the mice racing.

m =
Δy
Δx

 

mΔx = Δy  

y2 − y1 = m ⋅ (x2 − x1)

	 Small Delta says, “Can we make one small change? Let’s say x 
and y instead of x2 and y2. It looks better!”

y − y1 = m ⋅ (x − x1)

	 Sigma agrees, “Yes, and now let’s put it to use!”
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x

(1,1)

(5,4)

m

∑

Δx

Δy

4 − 1 = 3

5 − 1 = 4



The Arithmetic Mean

	 Over the next several days, Sigma is more resolved than ever to 
apply his training. Each day, they record how many mice join the Agora 
and how much food they all contribute to the stockpile.

! Peb asks, “Sigma, so what do you think is the the value for d, how 
much the Agora is growing each day?” 

! Epsilon points out, “We have a problem, Sigma. The number of 
new mice has not been the same each day, and each mouse hasn’t 
given the same amount. See how these last four mice haven’t all been 
the same!”

Δ

Δ ΔΔ

! Sigma says, “I count a total of 15 items spread out among the 4 
piles. Now let’s use the trick the Deltas use and finds out how we can 
redistribute them equally.”

! Epsilon says, “You can’t divide it evenly!”

! Small Delta says, “It does cleanly divide if you break the bags up 
into smaller amounts.”

! Sigma concludes, “It’s as if every mouse contributed three and 
three fourths of a bag. Let’s call that amount μ.”

Δ
Δ

Δ
Δμ

3
3
4

=
3 + 3 + 4 + 5

4
 

! Sigma says, “I found that by adding it all up and then dividing. I 
acted as if the number existed and then just solved the equation.”

∑

n

ak ∑

n

μ
n

∑ ak =
n

∑ μ

! Sigma says, “All we have to do is count a small sample, then 
divide by how many mice contributed to the sample!” 

! An equation appears with the general idea:

μ =
∑ ak

n
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! Sigma continues, “Now, count how many total piles there are from 
today! We will call this total N and we’ll pretend all N of these piles have 
μ bags in them.

! Alexander asks, “Why would we pretend that?”

! Sigma answers, “Because if they do, then we’re done counting. 
The total bags is the product N ⋅ μ, just like before.”

Sguess =
N

∑ μ 

! Epsilon, warily, “I’m concerned that you would say that, Sigma. 
It’s clearly untrue that all the piles are equal, or even patterned. Your 
guess might not work out to be right answer! Let’s see how accurate 
this trick is.” An equation appears, expressing Epsilon’s concerns.

ε = Δ(Strue, Sguess) 

! Sigma argues, “Well, you are right. Some of the piles are larger 
and some are smaller. Some of the errors will be positive numbers, and 
others will be negative numbers. I have a feeling these errors cancel 
each other out.”

! Epsilon retorts, “I don’t get that feeling, Sigma. You’ve just pointed 
out more problems by saying there are two kinds of errors. Two wrongs 
don’t make a right.”

! Small Delta defends Sigma, “Maybe they do in this case!”

! Sigma says, “If the errors ever get too large, I will take a closer 
look. But for now, I am fairly confident this trick is what we are 
supposed to use. It’s the only way to apply these ideas to the real 

world, where things don’t always stack up so neatly. If we are to face 
Python, we need to use every weapon available to us.”

! Epsilon asks, “And do you think you are ready to face Python?”

! Sigma answers, “If Python showed up at our door today, I feel 
that, at the very least, I have the weapons I need to face him.”
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Target Practice

52

Solve problems by applying: 

 Sigma Notation

 Delta Notation

Learning Targets Checklist

 I can explain how to use Sigma Notation, including the product of numbers.

 I can apply Sigma Notation to represent sums, including triangular numbers.

 I can express an Arithmetic Sequence in explicit and recursive form.

 I can find the sum of an Arithmetic Sequence (called an Arithmetic Series).

 I can explain how to use Delta Notation.

 I can apply Delta Notation to express the slope of a line.

 I can apply the Properties of Equality to solve 2x2 systems using elimination.

 I can solve one variable equations involving Absolute Value.

 I can define the set of Rational Numbers, Q.

 I can define the set of Integers, Z.



Sums

1. Sigma tells Alexander to 
put six seeds in each bag. 
If there are 30 bags, how 
many seeds are there? 
Express the sum in Sigma 
Notation.

2. Alexander wants to 
arrange the bags of seeds 
into a rectangular shape. 
What are all the ways he 
could do this?

3. Sigma moves a new set 
of bags to the side of the 
cave into a staircase 
pattern that is five bags 
wide. How many bags are 
there if it reaches four 
steps tall?

4. The mice aren’t on track 
to meet their needs for 
the winter. Today they 
stored ten bags of seeds. 
If they store three more 
bags of food each day 
than the day before, how 
many bags will they store 
on day twelve? How 
many total bags will they 
store during those twelve 
days?

5. Alexander arranges bags 
into a triangle pattern 
where each row has one 
more bag than the 
previous row. The total 
number of bags in this 
pattern is a “triangular 
number.” How many bags 
would there be if there 
were ... 

a. 5 rows?

b. 6 rows?

c. n rows?

d. Draw a picture to 
demonstrate the idea, 
“Two consecutive 
triangle numbers form 
a square number.”

e. Draw a picture to 
demonstrate the idea, 
“Any square number is 
the sum of consecutive 
odd numbers.”

6. Solve for x

a. 32 = ∑ ak and 
A = {9,8,7,x,10,11,12}

b.  100 = ∑ ak and 
A = {50,25,12,1,x, x}

7.  Compute each sum

a.
7

∑
k=1

3 =  

b.  
700

∑
k=1

5 =

c.  
7

∑
k=1

k =

d.  
3

∑
k=1

(5 + k) =

e.  100 +
6

∑
k=1

k =
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8. Solve for x

a.  16 =
4

∑
k=1

x

b. 42 =
x

∑
k=1

6

c.  45 =
5

∑
k=1

x − 2

d. 95 =
x−3

∑
k=1

5

e.  28 =
x

∑
k=1

k

f. 35 =
5

∑
k=1

x + k

g.  63 =
6

∑
k=1

k x

h. 36 =
x

∑
k=1

x

i. 100 = x
4

∑
k=1

x

j. 48 =
4

∑
k=1

6x

k.          84 =
4

∑
k=1

x +
10

∑
k=1

x

l.  x =
5

∑
k=1

5

∑
j=1

j

9. Find the 101st term of 
each Arithmetic Sequence

a. ak = ak−1 + 5 and a1 = 4

b. ak = ak−1 − 5 and 
a1 = 200

c. ak = 3 + 8 ⋅ (k − 1)

d.  ak = 1200 − 7 ⋅ (k − 1)

e. A mouse takes two 
steps forward every 
second. Where are 
they after 101 
seconds?
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Delta

10. Solve for x

a. x = Δ(5,9) 

b. Δ(5,x) = Δ(10,20)

c. Δ(x,10) = Δ(4,3)

d. Δ(10,x) = Δ(x,10)

e. Δ(6,x) = Δ(x,10)

f. Δ(1,x) + Δ(1,3) = 5

g. Δ (
10

∑
k=1

k,
x

∑
k=1

k) = 23

11. Find the slope of the line 
that connects the points

a. (0,0), (5,5)

b. (0,3), (3,9)

c. (0,0), (5, − 5)

Absolute Value and 
Intervals

12.  Solve for x. Express 
your answer using 
inequalities or intervals.

d.  |x − 5 | < 4

e.  |x − 200 | < 40

f.  |2x − 100 | < 14

g.  | f − L | < ϵ

h.  |x − c | < δ

Racing

13. Determine which racer 
would win

a. Racer 1: starts at 10 
and takes two steps 
each round. Racer 2: 
starts at 0 and takes 
15 steps each round. 
Total number of 
rounds is 5. 

b. Racer 1: starts at 6 
and takes two steps 
each round. Racer 2: 
starts at 0 and takes 7 
steps each round. 
Total number of 
rounds is 13.

c. Make up one more 
racing scenario and 
show the answer

d. Make up an 
analogous scenario 
that does not involve 
racing

55



56

Python appears in Sigma’s vision, 
turning the Product against him. 
Epsilon and Small Delta help 
Sigma understand negative 
numbers and direct him to safety.

PRODUCTS OF PROPHECY



Abstraction

57

Epsilon:

“Python is moving, you better look out!

What you think is awesome, he’ll easily rout!

He’ll easily add up the numbers you know.

You better be careful when facing this foe.”

Small Delta:

“One, two, three, four, 

... the sequence doesn’t ever end,

But take the numbers from before, 

and Sigma says the sum is ten.

One, two, three, four, 

what can you do that’s even more?

Take the numbers from before, 

and Python makes it twenty four!”

Apollo killed the snake Python 

with a hundred arrows.

Simonides fragment 573



Sigma vs Big Pi 

! After several weeks of monitoring the Agora, Sigma notices that 
on many of the days, more mice showed up than expected, so his 
predictions are often too small. He returns to the Cave of Visions to 
seek advice from Themis. The familiar melodic sounds accompany the 
vision of the goddess appearing with the balanced scales. 

! Sigma asks, “Themis, we have applied the idea of pattern 
completion to try to predict how the Agora will grow. At first, it did seem 
like an Arithmetic Sequence, but then Epsilon noticed our errors 
growing larger and larger when we extended the line too far into the 
future.”

! Themis , “You have done well predicting your first pattern, Sigma. 
You are right, that nature is full of many more. The Arithmetic Sequence  
is a good place to start. It led you to the Linear Model, which will be the 
arrow in your bow for many more battles ahead. However, you are also 
correct that it is time to learn about new patterns, the patterns that 
Python uses.”

! Sigma asks, “Themis, what weapons does Python use? How can 
I learn them and use them to defeat him?”

! Themis answers, “Sigma, you will soon find out. Look into the 
calm waters of the spring and conjure a vision of the beast. If you are 
brave enough to endure the vision, you will come out with the 
understanding you need to succeed. Are you ready?”

! Sigma answers, “Yes. I will call a vision of him now and see for 
myself what tactics this monster uses, if they really are so far beyond 
my own.”

! Sigma closes his eyes and focuses his energy on the smooth 
surface of the spring, asking it to reveal the true nature of Python. It 
starts to swirl, but instead of the soothing music he has grown used to, 
the water churns violently and boils up a vision of the monstrous snake.

! The image fills the cave and clouds out everything else, as the 
snake booms, “I am Python, the son of Gaia, and guardian of her 
oracle. You, I can see, are a foolhardy mouse named Sigma. Well, I 
have been sent to hunt you and your family. Have no doubt I will catch 
you too: I am faster and stronger than you can imagine. What takes you 
many repeated steps, I jump to, instantly.” The snake sways back and 
forth, threatening to strike at any moment.

! Sigma draws his bow, “Stop right there! I am the mouse Sigma, 
but I am not foolhardy. I am brave in the face of danger. I can see that 
you have lived too long and have overstayed your welcome on Earth. 
With my bow and arrow, I will restore the balance between life and 
death and send you to Tartarus where you belong. With what weapon 
will you defend yourself? Reveal your secrets to me!”

! Python laughs and muses, “This will be fun! You think you have 
gained the power of prophecy because you have learned of The 
Product. I see your neatly stacked piles of food in cave, but rest 
assured my powers of counting far exceed yours. Now it is time for your 
lesson in humility.”

! Sigma retorts, “You don’t intimidate me. I have already solve your 
riddles about Negative Numbers and Rational Numbers. What else do 
you have?”

! Python answers, “Oh good. You will need all of your knowledge if 
you hope to stand a chance against me. Sigma, as I look through your 
cave, I notice there are many tunnels connecting the caverns. How 
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many tunnels are there in this maze? I counted six main chambers, 
with tunnels connecting them all. Tell me, how do you not get lost in 
here?”

! Sigma’s mind falls into the riddle and begins to count the different 
routes. Epsilon calls out from outside the fog, “Don’t listen to him! 
That’s not how many chambers and tunnels there are!” 

! Small Delta adds, “Change the subject!”

! Sigma refuses to relent, facing Python directly, “That is a simple 
riddle. Each chamber connects to every chamber except for itself and 
the ones it’s already connected to. Suppose there were six chambers; 
simply choose two of them to make a path.” An expression appears 
before them both, indicating the concept “six choose two.”

6C2

! Sigma continues, “It’s a simple triangular number.”

∑

1 + 2 + 3 + 4 + 5 =
5

∑
k=1

k 

! Sigma explains, “I know the trick for this kind of sum.”

5 + 1
2

⋅ 5 = 6C2

! Sigma answers smugly, “That’s as easy as three times five.”

! Python grows angry and hisses, “So you think you have mastered 
The Product do you? Well, it is mine! I control the oracles of Gaia. You 
think you are clever for finding a shortcut: instead of doing many 
additions, you do one multiplication, but where’s your shortcut for doing 
many multiplications?” 

! Then Python uncurls and extends, revealing a long product. Until 
this moment, Sigma hadn’t considered the product of more than two 
numbers at a time. The Deltas could only handle two numbers at a 
time, but now it seems that Python is like Sigma and can deal with a 
whole list of numbers all at once.

n

∏
k=1

ak = a1 ⋅ a2 ⋅ a3 ⋅ . . . an 

! Sigma, caught by momentarily by surprise, “For doing what? 
Why? When would you need to do many multiplications all at once?” 
He can sense he is on the verge of entering a new plane of power.

59



! Python bursts into a fiery laugh, “Ahahaha, you little mouse. 
Here’s an easy example: there are seven beautiful enchanted forests, 
each with seven caves in them, and in each cave, there are seven mice 
counting seven piles of bags, and in each bag, there are seven berries. 
How many berries are there?” Before Sigma can being counting, the 
scales on the snake illuminate with a new kind of equation.

7 ⋅ 7 ⋅ 7 ⋅ 7 ⋅ 7 

! Sigma freezes, overwhelmed by the repeated product and 
doesn’t even know where to begin. Then Python’s rhythmic swaying 
slows and he hears a voice of encouragement distantly, in the back of 
his mind. 

! Themis says, “Sigma, you can equal Python’s large sum, if you 
break it down into groups of two products. The product is associative, 
just like the sum. So you can think of it as 7 ⋅ (7 ⋅ 7 ⋅ 7 ⋅ 7).” 

! Time seems to slow down as Sigma visualizes himself starting 
the large product, treating it as just one sum at a time. He thinks, “OK I 
just have to add something seven times. I can see that is now just four 
sevens, 7 ⋅ 7 ⋅ 7 ⋅ 7. There are still more numbers than I know how to 
handle.”

! Themis advises, “Just continue to break it apart. The four sevens 
are just the product of seven and the remaining three sevens 
7 ⋅ 7 ⋅ 7 ⋅ 7 = 7 ⋅ (7 ⋅ 7 ⋅ 7).”

! Sigma answers, “Yes, I see. Each time, the problem gets simpler. 
Now to find 7 ⋅ 7 ⋅ 7 I can see it just 7 ⋅ (7 ⋅ 7).” Sigma imagines his future 
selves performing each piece of the overall product.

7 ⋅ (7 ⋅ (7 ⋅ (7 ⋅ 7))) =
7

∑
7

∑
7

∑
7

∑ 7 

	 Then thinks to himself, “I’m definitely going to need a shortcut.”

	 Themis answers, “You will, Sigma. You’ve discovered the key to 
Python’s power: the exponent. Count how many sevens there were in 
this question and then raise seven to that power. ”

7 ⋅ 7 ⋅ 7 ⋅ 7 ⋅ 7 = 75 

	 Sigma continues, “I have found the answer, but why did we 
multiply all these numbers together in the first place? How does this all 
work? What kind of pattern is this?”

	 Before the vision fades away, Sigma hears Themis reply, “You 
already know that products are faster than sums. Now, you must learn 
to use The Counting Principle, it is the secret to Python’s power. Next 
time, I won’t be able to help you slow time to find the answer, so you 
will have to learn how to do this on your own. Soon, all will be 
revealed.”

	 As Themis fades, Sigma turns to Python and says, “The answer 
to your riddle is 16,807.”

60



The Counting Principle

! Time speeds back to normal a Python roars back into Sigma’s 
field of view, “I see you had help from the Titan Themis! When you don’t 
have her at your side, you will realize my true power, and you will give 
up your quest to defeat me. You will see Gaia’s green earth is too great 
for you to even begin to imagine.” 

! Sigma retorts, “Never! I’ll send you back to the hole in the ground 
you came from.” 

! Python engages, “We will see! The mice bring you food to store in 
the cave, Sigma. They trust you. Tomorrow, you will have hazelnuts, 
walnuts, and almonds. You will also have apricots, pomegranates, 
plums, apples, and grapes. Delicious, but not as delicious as a tasty 
mouse! A hunting party will come to your cave and request supplies for 
their next trip to the mountain. They will each want a bag with two 
different kinds of items: one nut and one fruit. None of them want to 
have the exact same two kinds of food as any other mouse in their 
party. What is the largest group of mice you could arrange this food 
for?”

! Sigma imagines the two sets of food, the nuts and the fruits. For 
all three of the nuts, there are five fruits to pair it with. As he points to 
each of the members of the first set, he visualizes arrows connecting 
the path to the members of the second set. He announces to Python, 
“Yet another example of the product. That is nothing too challenging, 
snake!”

∑

3

3⋅5 5

3 ⋅ 5 =
3

∑ 5 

! Python grins at the young mouse and continues, “Oh did I forget 
to mention that some of them will also want a grub, but others won’t.”

! Sigma stops for a moment and wonders if he will have to start all 
over, but then answers, “If a mouse gets a grub or if a mouse doesn’t 
get a grub, it leads to the same place. The answer is just the last 
answer times two. I’m sure we could go on like this for quite a while, 
branching out a very large tree in Gaia’s garden.”

! Sigma proudly presents a vision of himself counting the first 
product and then not having to count it again for the second branch 
because it will be exactly the same. He insults his enemy, “In principle, 
nothing you do is anything more than counting, which is what I can do. 
We don’t need you, snake.”
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!

∑2

∑
2⋅3⋅5

3⋅5
∑

3

3⋅5 5

2 ⋅ 3 ⋅ 5 =
2

∑
3

∑ 5 

! Sigma continues, “I’ll always be able to do any product. All I have 
to do look to a future where I see myself counting one branch, then see 
all the branches are the same. If I can imagine that, then I can imagine 
anything! Throw at me any number of options pk you want. I’ll just line 

them up and do the product one at a time to find the total number N of 
possibilities.”

N =
n

∏
k=1

pk

! Sigma continues, “In your first example, every option was the 
same number, 7, and there were 5 branches, so it was a repeated 
product of all the same number. This is all just addition, which is 
commutative, so I’ll find a shortcut to keep up with you soon enough!”

! Python counters, “Then tell me this, mouse, is it the same to triple 
your food four times as it is to quadruple your food three times?” 

! Sigma quickly tries to count each one, but Small Delta says, 
“Quickly, just see if the product would be even or odd!”

3 ⋅ 3 ⋅ 3 ⋅ 3 =
3

∑
3

∑
3

∑ 3

4 ⋅ 4 ⋅ 4 =
4

∑
4

∑ 4

! Sigma notices the first product must be odd and the second 
product must be even. He tells Python as he realizes, “They aren’t the 
same. You aren’t commutative!”

a

∏b ≠
b

∏a

! Python hisses, “Now you know the game! That will make my job 
more fun. I was a little afraid this was going to be too easy. Now to see 
the true extent of my powers!”
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Geometric Sequences

! Python continues, “Everything in Gaia’s garden grows quickly like 
this, Sigma. That’s why you’ll never defeat me. One day, there will be 
just a single bean, but next season there will be two. Each following 
season, it will double again, and again. This is the nature of the world.”

! Python raises with the growing stack while Sigma tries to keep 
up. Soon the number is too large to count, but he knows how many 
times the pile doubled and at least remembers that.

2

∑
2

∑
2

∑ a1 = a1 ⋅ 23 

! Sigma retorts, “I may not have the answer to all of your questions 
right now, Python, but you haven’t asked me anything that I couldn’t 
figure out if I wanted to. Your power is basically the same as mine, all I 
have to do is remember how many times to repeat counting. I don’t 
think we need you at all.”

n

∏
k=1

b = bn

! Python pushes, “You don’t have that kind of power on your own!”

! Sigma answers, “I think I do. I’ll answer any of your questions 
about growth. You’re not that scary! I already can think of two formulas 
for you. First, the recursive form. The next number is just the product of 
the previous number with r, the common ratio.”

ak+1 = ak ⋅ r 

! Sigma adds, “And the explicit form, where I count how many 
times this product happens. All you do is repeat the same operation 
(n − 1) times, just like I do in the Arithmetic Sequence.”

an = a1 ⋅ rn−1 

! At that moment, Sigma realizes that the pattern Python just 
revealed may hold the secret to the growth of the mice of the Agora. He 
wants to try it out, but before he can, Python interrupts again.

! Python bullies the mouse, “So you thinks its all that simple, do 
you? You really think powers are all just about counting and adding? 
Well, what do you know about negative numbers, Sigma?” 
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Powers of Negative Numbers

! Sigma answers quickly, “I know they won’t get you anywhere! 
One minus one is zero. Nowhere.” 

! Python laughs and bellows, “You don’t know how wrong you are. I 
think you’ve confused underestimated The Product again!” He shifts to 
attack, but before he can strike, the scene pauses and suddenly, Sigma 
feels transported to a distant land beyond the edge of the world, India. 
A fleeting vision of the great mathematician Brahmagupta appears. He 
presents Sigma with some paradoxical wisdom, “A fortunate subtracted 
from zero is a debt, but the product of two debts is a fortune.”

! Sigma complains, “How can I add a negative number, or any 
number, a negative number of times? It makes no sense to me!” 

! Brahmagupta explains, “Don’t think of the product just as a sum 
to repeat so many times. Instead, recognize that it is a change of 
direction. Try it. Face one direction. Flip around to face the opposite 
direction. Now flip around again! Which way are you facing?”

! Sigma tries it out, and answers, “I’m facing the original direction 
again. So powers are about directions in space?”

 

∑
∑

∑
∑

0-1

-1
-1

−1 + 1 = 0 

(−1) ⋅ (−1) = 1 

! Before Brahmagupta can answer, Python returns and announces, 
“I’m like you, Sigma. I long for the hunt. So here’s what I’ll do. I’ll give 
you some advance warning on which direction I’ll strike from.”

! Epsilon whispers to Sigma, “He’s not telling the truth!”

! Python coils up, blinks, and calls out, “I’m coming from your left!”

! Small Delta quickly warns Sigma, “Jump to your left!” Sigma 
jumps and barely escapes the snake’s strike.

! Sigma asks, “How did you know to jump left, Small Delta?”

! Small Delta, quickly, “Epsilon is right. The snake is lying. If he 
says he’s coming for your left, it means he’s coming for your right.”
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! Epsilon cautions, “But now he knows that you know he’s lying.”

! Python, recovered from his last strike, “This time I’m coming for 
your right!”

! Sigma whispers to himself “Two wrongs” and jumps left, out of the 
way. When he recovers, he tells Python, “Maybe the product is more 
than just a sum. I may not fully understand it now, but whatever it is, be 
warned, snake. I’ll do anything it takes to protect the mice of the Agora.”

(−1)2 = 1 

(−1)3 = − 1 

! Python retorts, “Well, let’s see how long you can keep up this 
dance, then. This time I won’t avoid not striking from the right side!” 
Python encircles and tries to confuse and ensnare Sigma. 

! Epsilon counts the negatives and says, “Three negatives!”

! Small Delta turns the arrow three times and sees it ends in the 
opposite direction. He whispers to Sigma, “Not the right side! He’s 
coming for the left side!”

! Each time, the pattern of negations changes from positive to 
negative. Sigma sees a vision of where Python will be, stretched out 
over the different values of the power n.

(−1)n

! Using the pattern to escape Python’s grip on each lunge, Sigma 
soon starts to feel confident against the monster. He draws his arrow, 
aiming for the sigil on Python’s head.

! However, before Sigma can shoot the arrow, Python breaks the 
pattern and says, “So you are starting to understand the power of 
negative numbers. You recognize my power is more than counting?”

! Sigma answers, “I am just counting how many times you reverse 
your word, Python. That is how I stayed safe from your trick of raising a 
negative number to a power.”

! Python retorts, “Well, let’s see how you fare against a number 
raised to a negative power then!”

! Sigma ponders, “He switched the number and its power. I know 
Python isn’t commutative, but what is going to happen now?”!
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Negative Powers

! Python continues, “If you think this all just counting, try to count 
this! What is the product of negative one two’s? You can never 
understand this, Sigma. There is not list of numbers for you to count!”

2−1 =
−1

∏2

! Sigma is momentarily confused by the idea of a list with a 
negative number of items on it. Then he remembers what Brahmagupta 
taught him about turning around as he walked. 

! Sigma sees the scales illuminate the Geometric Sequence on 
Python’s back, but he can’t see the whole sequence. 

! Sigma says to Epsilon and Small Delta, “Python is hiding 
something. This is just a vision of the snake. It can’t possibly harm me. 
I’m going to get a closer look.”

! Epsilon shouts, “No, Sigma! It’s too dangerous!”

! Small Delta advises, “Be careful!”

! Sigma jumps on the eight and walks backward, like a Delta, 
counting as he goes. He thinks to himself, “It took three backward steps 
to arrive at one. Each time I divided the number by 2.”

! Then Sigma exclaims, “The next number must be one divided by 
two!” He thinks back to the way two Deltas would share one piece of 
fruit and continues, “The answer is one half!”

2−1 =
1
2

! Suddenly, Python disappears, leaving the group in the Cave, 
exhausted by the preview of the battle, but also exhilarated at the 
prospect of hope. Sigma tells the group, “It seems that Negative 
Powers are just the Reciprocals: one divided by the number.”

n−1 =
1
n

! He continues, “Which means they are Rational Numbers.”

n−1 ∈ Q  

! Sigma announces, “We can understand how Python uses 
numbers. It is the same way we use them! We just call them different 
things. We divide numbers; Python raises them to negative powers.”
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Permutations and Combinations

! Sigma tells the group, “Now we know the nature of the enemy so 
we can start to form a plan of battle. Python’s Power is an extension of 
the Product, but understanding it won’t be easy because it isn’t 
commutative like the Product. However, with the help of Themis, I know 
we will be able to make sense of all of this and emerge victorious.”

! After a pause, he continues, “I will set out to figure out how to use 
these shortcuts we’ve discovered. However, I have a concern.”

! Epsilon asks, “What is wrong?”

! Small Delta answers, “I bet you are worried about the very first 
riddle Python gave you, about the tunnels between the caverns.”

! Epsilon jumps on, “That’s right. Python said there were six 
caverns, but there are actually many more than that.”

! Small Delta continues, “It must be a clue. We will need to know 
how many tunnels there are for any number of caverns, n.”

! Sigma gets their attention, “It’s even worse than that. I see 
Python slithering through a route that goes through many tunnels.”

! Epsilon asks, “How do we know which tunnels? How are we 
going to defeat him?”

! Sigma says, “We need to tell the mice of the Agora of the danger 
and organize them to help with the fight. The mouse Hephaestus 
crafted a bow for me to shoot arrows, but I worry we won’t have enough 
to keep Python at a distance.”

! Epsilon declares, “We don’t have enough arrows!”

! Small Delta suggests, “Let’s train the mice to make more!”

! Sigma proposes, “There are eight jobs that we need to delegate. 
First, we need mice collecting sticks, leaves, and stones. Then we need 
mice collecting plant fiber for making string and other mice to spin the 
fiber into string. We need mice to clean the sticks and sharpen the 
stones into arrowheads. Finally, we need mice to assemble the arrows.”

! Epsilon worries, “Suppose you find a group of eight mice to do 
these jobs. How do you know you’ve chosen the right mouse for each 
job?”

! Sigma answers, “You’re right. There are many ways we could 
permute the jobs and not all are equally good. Let’s think: this is just the 
Counting Principle. There are eight mice to choose from for the first job, 
collecting sticks. Once we have a stick collector, there are seven mice 
left to choose from for collecting leaves.”

! Small Delta adds, “Each time we assign a job, the number of 
mice left goes down by one!” 

8 ⋅ 7 ⋅ 6 ⋅ 5 ⋅ 4 ⋅ 3 ⋅ 2 ⋅ 1

! Sigma confirms, “Yes, until the last mouse and there is only one 
job left. It’s like a triangular number, but for a product! It has all the 
factors to some number n.”

n

∏
k=1

k = 1 ⋅ 2 ⋅ 3 ⋅ . . . n 

! Sigma reaches for the right word from the future, “Factorial!”
n

∏
k=1

k = n! 
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! Epsilon questions, “But wait a minute, what if there aren’t exactly 
eight mice?”

! Small Delta asks, “Yea, what if there were 10 mice? Who will be 
left out of getting a job?”

! Sigma answers, “Well, if there are ten mice, we’ll have ten to 
choose from for the first job and nine for the second job, all the way 
down until there are three for the last job. There would be two left out.”

! Epsilon asks, “How do you know there are three for the last job?”

! Sigma answers, “I just counted backward eight steps from ten. It’s 
ten minus eight leaves two mice out, so the last mouse is the one 
before mouse two. That’s mouse three.”

∑∑

10 49

3

10 8
P 8 ⋅ 7 ⋅

6 ⋅ 5

nPr =
n

∏
k = n−r+1

k 

! Epsilon questions, “It’s not wrong, but it seems a little confusing. 
It’s like Python is missing his tail. Plus there’s that extra step of adding 
one at the end.”

! Small Delta proposes, “Let’s remove Python out of the equation!”

! Sigma muses, “If we put the tail back, then we can take away the 
snake entirely. I can’t use the product on this because then it won’t be 

equal, but if the Deltas help and cancel out what I do, then we can 
remember it very quickly as a ratio. Watch this!”

10P8 = 10 ⋅ 9 ⋅ 8 ⋅ 7 ⋅ 6 ⋅ 5 ⋅ 4 ⋅ 3 ⋅
2 ⋅ 1
2 ⋅ 1

 

! Epsilon complains, “That’s the same thing. You didn’t change 
anything! You just multiplied it by one.”

! Small Delta points out, “No, it is different! Look! It looks better.”

10P8 =
10!
2!

! Sigma interprets, “It’s how many mice permutations if every 
mouse had a job, and then divided out for all the ways we could pick 
from the ones left out who would be the next mouse for a job. The best 
part is, there’s no Python at all.” 

! After a pause, Sigma generalizes, “So from now on, no Python. 
We’ll replace him with factorials, with help from Deltas and Ratios.”

nPr =
n!

(n − r)!

! After announcing to the mice the danger ahead, Sigma presents 
the plan to the Agora, “The battle is quickly approaching. To volunteer 
to craft defenses, step forward.” The mice with a desire to help and the 
openness to learn a new art joined together in the cave with 
Hephaestus.

! The Big Deltas stay behind, led by Delta X, “While you are 
preparing for war, we need to protect our food supply. With the other 
mice occupied, who will collect the food they specialize in? You need 
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organized hunting parties and we will need to collect more than ever 
before.”

! Sigma takes the suggestion back to the cave to consider it. He 
thinks aloud, “How many mice have volunteered for hunting parties? 
Let’s say n. How many mice should be in a hunting party? Let’s say r. 
We need to know how many ways there are to choose r mice out of a 
total of n available to be in the party.”

nCr 

! Small Delta proposes, “Isn’t this just the same problem as 
before?”

! Sigma recalls the idea of dividing out the permutations of 
alternative groupings and tells Small Delta, “It’s almost the same. The 
only difference is that every mouse in the hunting party will have the 
same job, so it doesn’t matter what order we assign them in. It’s 
simpler, look. It’s the number of permutations divided out for each order 
you fill the group.”

nCr = nPr

r!
 

! Sigma notices, “This is also the answer to one of Python’s riddles. 
There are six chambers in the cave. How many ways could you choose 
three chambers to connect with tunnels? 6C3.”

! Epsilon asks, “So how many ways are there?”

! Sigma answers, “Six permute three is six times five times four, 
which is 120, but many of these are repeats.”

! Epsilon asks, “How many are repeats?”

! Sigma answers, “Among any group of three, there are three 
choices for the first tunnel and two left for the second. Therefore there 
are three factorial permutations of each grouping, which is 6. The final 
answer is 120 divided by 6, which is 20.”

6C3 =
6 ⋅ 5 ⋅ 4
3 ⋅ 2 ⋅ 1

= 20 

! Epsilon checks Sigma’s work, “That’s right!” 

! Small Delta points out, “It seems like there is an easier way.”

! Sigma takes a closer look at the products in the quotient and 
agrees with Small Delta, “Yes, the product is associative, so we can 
regroup these to simplify. The 6 cancels out with the 3 ⋅ 2 ⋅ 1, which just 
leaves 5 ⋅ 4. I sense that this trick will be very useful.”

! After a pause, Sigma continues, “So there are shortcuts against 
Python. I noticed some other patterns while I was fighting him. Let’s 
figure out how we can use them for when the fight becomes real!”
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Target Practice

70

Solve problems by applying: 

 Big Pi Notation

 The Counting Principle

 Exponents

 Geometric Sequences

 Factorials, Permutations, and 
Combinations

Learning Targets Checklist

 I can use Sigma Notation to express the Combination of two elements

 I can explain how to use Big Pi Notation

 I can explain the Counting Principle

 I can apply Pi Notation to express the Counting Principle, Exponents, 

Geometric Sequences, Factorials, Permutations, and Combinations.

 I can explain how to use Scientific Notation



The Counting Principle

1. If each mouse can choose 
one fruit from seven options, 
one nut from eight options, 
and one grub from ten 
options, how many ways can 
a mouse create a meal? 

a. What if a mouse was 
allowed to choose two 
fruits (which can both be 
the same)?

b. What if a mouse was 
allowed to choose two 
fruits (which can both be 
the same) and two grubs 
(but they can’t be the 
same)?

2. A hunting party has to pick 
an order to go into a tunnel 
single-file. How many ways 
could they pick this order if 
there are

a. four members?

b. five members?

c. ten members?

d.  n members?

3.  A hunting party needs a 
leader, a secretary, and a 
scout. How many ways are 
there two fill these positions if 
the group has 

a. ten members?

b. fifteen members?

c.  n members?

4. In the cave, Peb finds four 
stalagmites that make 
different sounds when you hit 
them with a stick. Peb plays 
with these sounds in a 
repeating rhythm while 
Alexander and the mice 
organize bags of food. How 
many different four note 
rhythms can Peb make?

a. What if one beat was 
allowed to have no sound 
(a rest)?

b. What if one beat was 
allowed to have a double 
hit?

c. How many eight note 
rhythms could Peb play, 
allowing both rests and 
double hits?

Big Pi Notation

5. Compute each product

a.  
3

∏
k=1

5 = 5 ⋅ 5 ⋅ 5 =

b.
3

∏
k=1

k = 1 ⋅ 2 ⋅ 3 =  

c.
5

∏
k=1

2 =  

d.
4

∏
k=1

k =  

e.  
5

∏
k=1

(k + 1) =  

f.
10

∏
k=6

k =  

g.
4

∏
k=1

(2k) =  

h.
4

∏
k=1

(2k + 1) =  

Sigma vs Big Pi

6. Compute each difference

a. Δ(1 + 2, 1 ⋅ 2)

b. Δ(2 + 3, 2 ⋅ 3)

c.  Δ(
5

∑
k=1

2,
5

∏
k=1

2) 

d. Δ(
4

∑
k=1

3,
4

∏
k=1

3)
e.  Δ(

4

∏
k=1

2,
5

∏
k=1

2)  

f. Δ(
4

∑
k=1

2,
5

∑
k=1

2)
g. Δ(

3

∑
k=1

4,
3

∏
k=1

4)
h. Δ(

3

∏
k=1

4,
4

∏
k=1

3)
i. Δ(

5

∏
k=1

2,
2

∏
k=1

5)
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7. During a certain time of year, 
the population of delicious 
grubs triples every week. 
Delta X finds 40 grubs at the 
start of the season (week 1). 

a. How many will there be 
when he brings his hunting 
party back after three 
weeks (week 4)?

b. Delia joins the Deltas for 
the grub hunt. If they can 
catch 20 grubs per day, 
how many will be left at 
the end of week 4?

8. A party of mice from five 
neighboring villages come 
together to hunt berries. They 
break up to fill three jobs: 
scouting, climbing, and 
carrying. After the hunt, they 
try to divide n berries among 
the three groups of different 
jobs, but would have two left 
over. Then they try to divide 
the berries among the five 
groups of villages, and have 
three left over. What is one 
possible value for n, the 
number of berries they 
found?

Exponents

9. Solve for x

a.  
3

∏
k=1

x = 27 

b.
x

∏
k=1

4 = 64 

c.
x

∏
k=1

k = 120 

d.
10

∏
k=x

k = 720 

e.
x

∑
k=1

2 =
6

∏
k=1

2

f. x =
2

∏
j=1

6

∏
k=4

2jk 

g.  630 =
x

∏
k=2

k + 1
k

h. x =
∏2

j=1 ∏6
k=4 2jk

∏2
j=1 ∏6

k=5 2jk
 

i.
2

∏
k=1

(x + 1) = 81  

j.  
2

∏
k=1

2

∑
j=1

(x + k) = 100

10. Plot y =
x

∏ (−1) for 

x ∈ {0,1,2,3,4,5}

a. What shape does it make 
if you connect the dots?

b. What happens when you 
rotate that shape 
clockwise?

11. Sigma stores food in a 
network of underground 
chambers. If at the back of 
the first chamber, it branches 
into two more chambers, and 
each one after that keeps 
branching into two more, 
how many chambers would 
there be at level five? How 
many total chambers would 
there be?

Scientific Notation

10. Write these numbers in 
scientific notation

a. 1,234

b. 62,539

c. 12,000,001

d. 0.05

11. Write these numbers in 
standard notation

a. 3.14(103)

b. 4.10005(106)

c. 6.18(10−1)

12. Perform these sums

a. 2(103) + 3(102)

b. 3(105) + 6(104) + 7(10−2)

13. Solve for x

a. 4.5(103)x = 9(103)

b. 3(103)x = 9(105)

c. 2(101)x2 = 8(109)
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Combinations and 
Permutations

14. How many ways are there to 

a. From a group of 10 mice, 
rank them by how much 
food they can gather.

b. From a group of 10 mice, 
pick unique jobs for 7.

c. From a group of 7 mice, 
choose 3 for a hunting 
party.

d. From a group of 14 mice, 
select a group of 5 to 
inspect the quality of 
arrows.

15. Compute

a. 4P4

b. 4P2

c. 4C2

d. 4C4

16. Solve for x

a. xP2 = 20

b. xC2 = 21

Final Exam

1. If the mice of the Agora 
double in size every 3 weeks, 
how many mice will there be 
after three months, if there 
are 50 right now?

2. If the mice of the Agora divide 
into groups of 5 to share 
shelter during the winter, how 
many different groupings are 
possible for the current 50 
mice? Write your answer as a 
simplified quotient.
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Sigma somehow emerges 
on top of Python’s head, 
then sees himself sliding 
down the length of the 
snake, trying to make sense 
of its sudden movements.

the POWER RULES



The Product Property

75

Hidden Latona, Queen Mother of 
noble twins and Daughter of the 

heavenly axis: Your mind is mighty.
– Orpheus

The mice leave track marks in the dust.

“Why is Python chasing us?”

Sigma jumps on Python’s head.

“This rotten snake will soon be dead.”



The Product Property

! Sigma helps organize the mice into groups to complete different 
jobs that they will need in the upcoming battle. Soon, however, the 
numbers become too large to manage. Sigma returns to the Cave of 
Visions for advice from Themis. 

! When Themis appears, she says, “Sigma, you are doing well with 
the mice of the Agora, but you’ve noticed the numbers growing beyond 
your ability to calculate, even with Peb helping. To deal with these large 
numbers, I introduce you to one of the greatest mathematicians of the 
future: Archimedes!”

!  

– Archimedes (Ἀρχιμήδης) of Syracuse 

! Archimedes explains, “Recognize that the Product, just like the 
Sum, is associative. That means you can combine Products of the 
same base using the Sum of their Powers.”

! As Sigma visualizes the product of two different products, onto 
the cave all illuminates an equation summarizing the Product Property.

n

m
∑∑ b

∑∑ b

∑∑ b

∑∑ b

∑∑ b

∑∑ b

∑∑ b

∑∑ b

b

∑
b

b

b
m

m+n

n

bn ⋅ bm = bm+n 

! Themis tells Sigma, “This is your introduction to the Property of 
Exponents. It is the most essential truth about powers that you can use 
to figure out everything else you need to know about Python.”

! Sigma says, “Yes, for example, the Product of 23 and 24 is simply 
27 because I can regroup the products as just one long product.”

23 ⋅ 24 = (2 ⋅ 2 ⋅ 2) ⋅ (2 ⋅ 2 ⋅ 2 ⋅ 2) 

23 ⋅ 24 = (2 ⋅ 2 ⋅ 2 ⋅ 2 ⋅ 2 ⋅ 2 ⋅ 2) 

 23 ⋅ 24 = 27

! As Themis disappears, the waters of the Cave of Visions begin to 
boil as the image of Python returns.
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The Power Property

! Python stares down the mouse and elevates its posture. He says, 
“You have pulled from the Earth a most dangerous power, mouse! You 
have stumbled upon the Product by repeating Sums. But I repeat 
Products as my Power. Now witness the Product of my Powers!”

! Sigma retorts, “Nothing you can do is beyond my abilities!”

! Python laughs again, “We shall see! In Gaia’s garden, the beans 
double each month. A helpless little mouse arranges them into a neat 
line inside of his cave. How many beans would the mouse need in 
order to grid the cave into a large square, with bm on each side?” 

! The snake elongates geometrically and then turns its tail back to 
form a square.

! Sigma recognizes the square as a simple product, and 
announces, “That’s easy, Python. I already know the Product Property.”

(bm)2 = bm ⋅ bm = bm+m = b2m 

! Python retorts, “Then you should have no trouble moving up to 
higher powers!” A blue bm bean rolls toward Python. The wall of the 
cave glows with the symbols of Python’s power, then with the help of 
Themis, changes into a simplified form, free of the imposing snake.

n

∏
m

∏b = (bm)n 

! Sigma jumps onto Python’s head and declares, “Anything you 
can ask me, I can reduce to a sum. Now be gone, snake!”

n

∏
m

∏b =
∑n m

∏ b

! As Sigma takes on the repeated Product of Powers, the cave wall 
changes its equation one more time. Sigma says, “The Power Property 
is nothing more than the Product Property, but repeated!”

(bm)n = bm⋅n

(23)4 = (23) ⋅ (23) ⋅ (23) ⋅ (23) 

 (23)4 = (23+3+3+3) = 23⋅4 = 212

! Python disappears, hissing a warning, “This is just the beginning!”
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Quotient Property

! The fog clears, leaving no trace of Python. Sigma resumes 
counting the goods in the Cave of Counting as he contemplates the 
lessons learned by his encounter with the snake in his vision.

! Soon, Sigma announces, “I see the pattern of how the mice of the 
Agora grow, by doubling at regular intervals of time. As we grow, we 
must make sure our food supply keeps up. In the meantime, we also 
must make sure that our food is divided fairly among us.”

! Onto the cave wall illuminates a vision of future growth. The food 
doubles three times and the population doubles twice.

2m

2n

2
2

2

2

2

23

22
=

2 ⋅ 2 ⋅ 2
2 ⋅ 2

! Sigma interprets the equation that appears and simplifies it. He 
says, “To divide powers, we just count how many are leftover after they 
all cancel.” As he gives the example for doubling, the cave wall 
illuminates with the general equation.

2 2 2

2 2

m-n
2

bm

bn
= bm−n

! Epsilon wonders, “And what happens if the mice grow faster than 
the figs? How you will divide everything out then?”

! Sigma observes, “Then we won’t have enough food for everyone. 
If m < n, we will have a negative power, which is a fraction.”

! The observation suggests another perspective for Sigma, “The 
Quotient Property is the same as the Product Property, but with 
negative numbers!”

bm

bn
= bm ⋅ b−n = bm+(−n) = bm−n 

! Sigma declares, “I think I now truly know everything I need to 
know to defeat Python.”
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Variance

! The days pass and the mice work hard to prepare for the 
impending battle. They craft arrows and hunt food, bringing all their 
goods to Sigma’s cave. 

! Epsilon complains, “Look at this! The arrows aren’t very straight, 
and the tips aren’t very sharp, and the string isn’t very strong. These 
berries are too small. Wrong! Wrong! Wrong!”

! Small Delta suggests, “We could do things a little differently. 
Sigma?”

! Sigma settles it, “Okay. Let’s bring in Delta X to look at the 
arrows. He’ll criticize each one and tell us how far it is from the mean 
and if it’s too long or too short. I’ll square his answers to get rid of the 
extra information and just focus on how ‘off’ the arrow is. I’ll divide out 
all the wrongness among all the arrows to get a sense of how much 
variance there is within the set. That will give the mice something to be 
aware of.”

! Small Delta, “What do you call it?”

! Sigma closes his eyes and grasps for a name from the future, 
“Variance. Sigma squared. We will keep it small to ensure our creations 
are consistent.”

σ2 =
∑ (xk − μ)2

n
 

! Sigma adds, “I also see in there a Sum of Squares.” 

! These thoughts provoke others, and Sigma continues with the 
vision, “Python will be here soon. What form will he take when he 
attacks? Will he be as bn? No, he will only be as x2 or possibly as xk, I 
can’t tell. I’m getting a lot of different visions now.”

! Sigma breaks away from his powers of prophecy and rests in the 
cave. He laments, “I feel like my mind has been split into seven pieces 
by Python’s powers. How am I ever going to save these mice? I should 
be out looking for my sister and my mother anyway. I can’t wait to kill 
this snake. Why did any of this happen to us? This is all the fault of 
Zeus!”

! Then Zeus appears, “Sigma, you are understandably upset about 
what is happening. However, I promise you that I always take just 
counsel from your teacher Themis. I have also taken counsel from 
another Titan, Wise Metis. We have decided to send our daughter, 
Clear-Eyed Athena, to help you prepare the mice. Keep heart, my son.”
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1. Product Property 

∏c b

∑
a

∏b =
a+c

∏b

2. Power Property

 
a

∏(
c

∏b) =
∑c a

∏ b

3. Quotient Property

bx2

bx1
= bΔx

4. Variance

σ2 =
∑ (xk − μ)2

n

Target Practice

Solve problems by applying: 

 The Product Property

 The Power Property

 The Quotient Property

 Statistical Variance



Exponents

1. Compute 

a. 23 =

b. 32 =

c. 104 =

d. 2325 =

e. b2b6 =

f. 232524 =

2. Solve for x

a. 2425 = 2x

b. 304 ⋅ 308 = 30x

c. x2x3 = 64

d. b2x ⋅ b5x = b42

Exponent Properties

3. Solve for x

a. (23)10 = 2x

b. (3x)3x = 375

c. (β2x+1)2 = β14

d. 45 = 2x

e. 2345 = 2x

f. bmbn = bx

g. (bm)n = bx

Orders of Magnitude

8. Solve for x

a.  x(106) = (109) 

b. x(103) = 5(104)

c. 4x(107) = (1012)

d. x(108) = (103)

e. 2x(103) = (1011)

f. x = 4(106) ⋅ 3(105) ⋅ (109)

g. x =
3.1(104) ⋅ 5(106)

6.2(103)

Final Exam

1. Suppose the mice start with 5 
figs and they double their 
supply 3 times. How many 
more times would they have 
to double it so that they had 
5 ⋅ 26 figs?

2. Sigma tries stacking berries 
into a cube shape. If there are 
26 berries in one edge, how 
many berries are there in the 
cube?

3. If there are 210 mice to feed 
and there are 24x+1 meals 
available, what value of x 
means that two mice will 
share one meal?
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Athena helps Sigma defend the Agora by organizing 
the mice into groups to expand their territory.

KEEPING PYTHON AT BAY



Reversing Python’s Grip

83

By Scamander's side I set my foot 

Asserting right upon the land

 –Athena in Aeschylus’s Eumenides

Small Delta:

Daughter of Metis has come to our aid.

And surveys the land where the Agora’s laid.

She pushes the mice to do something new

And raises Sigma to the power of two!



The Distributive Properties: The Product of a Sum

	 As Sigma and his group of advisors convene in the Cave of 
Counting, the piercing screech of an owl overhead sends the mice of 
the Agora hiding for shelter. From a cloud of dust, the goddess Athena 
appears in full golden armor, carrying spear and shield, inhabiting the 
form of a mouse.

	 Sigma recognizes the divinity and steps out into the light to ask, 
“Wise Athena, thank you for joining us to help us prepare in the battle 
against Python. The mice are afraid of the impending threat, and have 
entrusted me to keep them safe. They continue to gather resources we 
need, including food and materials for arrows. However, as much as 
they gather, we seem never to have enough. How can we increase our 
supplies?”

	 Athena scans the piles of goods in the cave and tells Sigma, “If 
you wish to multiply the sum of the goods collected in the Agora, then 
each mouse has to multiply what they put into the sum. To double the 
goods, ask each mouse to double their contribution.”

	 Sigma agrees and explains to the group, “Yes, because the 
Product is a Sum. They are the same, so the Product of a Sum is also 
the Sum of the Products. Using the definition of the Product, we see 
that twice a sum is the sum added to itself.” The equation appears 
before them, glowing in the cave.

2 ⋅ (a + b) = (a + b) + (a + b)

	 Sigma continues, “Sums are associative, so we can regroup it 
with like terms together.” The variables float and rearrange on the wall.

2 ⋅ (a + b) = (a + a) + (b + b)

	 Sigma concludes, “Finally, using the definition of the Product 
again, we can see that the Product of the Sum is the Sum of the 
Products.” The equation illuminates with arrows showing the number 
jumping into the sum, giving the appearance of dolphins.

2 ⋅ (a + b) = 2a + 2b
 

	 Small Delta says, “I bet this is true even for many variables in the 
sum or for any number you wanted to multiply the sum by.” As Sigma 
considers the suggestion, the cave wall glows with a new equation.

m∑ x = ∑ m x

	 Athena says, “Now you can solve new kinds of equations. 
Imagine, a mouse has five berries and gathers a few extra. She gets 
one offer to sell the new sum for three coins per berry. She gets 
another offer to sell just the extra berries at a lower rate of just one 
coin per berry, but with a twenty one coin bonus. How many extra 
berries make both offers equally good?” The cave wall illuminates with 
the equation representing her story.

3(5 + x) = x + 21

	 Sigma replies, “I see now. With the Distributive Property, now I 
can turn the equation into something I can easily solve.” The number 
three jumps into the parentheses and multiplies each part of the sum.

15 + 3x = x + 21

	 Athena answers, “Good, now let’s figure out how to help the 
mice collect extra goods themselves.”

84



The Distributive Properties: The Power of a Product

	 Athena says, “The mice will have to increase the area they hunt 
in. We need to expand our territory. This way, we can also have a 
warning system for when Python makes his way toward us.”

	 Sigma says, “Each mouse has a territory in the shape of a 
square. We have created a map, and Peb uses small stones to mark 
the four corners. The number of pebbles that fit in each square tells us 
how much food we can expect from that area. We call these the 
Perfect Squares, or integers raised to the Second Power.”

	 Athena says, “Now we will move the corners so that each square 
is larger. As we expand all the areas, our total territory will also grow.”

	 Big Delta chimes in and says, “Let’s imagine what would happen 
if we tripled the side length of our territory!”

	 Sigma answers, “Since a Power is a Product, we can expect the 
Distributive Property to work here too.” An equation illuminates Big 
Deltas example, using the definition of squaring.

(3a)2 = (3a) ⋅ (3a) 

	 Sigma continues, “Since the Product is Associative, we can 
regroup the numbers into like terms.” The numbers float past each 
other on the wall and form new groups.

(3a)2 = (3 ⋅ 3) ⋅ (a ⋅ a) 

	 Sigma concludes, “And just like before, now we can just apply 
the definition of squaring to see how the Power distributes to the 
Product.” The familiar dolphin jump arrows appear again, but this time, 
they are smaller and point left into the product.

(3a)2 = 32a2

	 Epsilon notices, “Sigma, the new territory is not three times as 
big. It is now nine times as big.”

	 Small Delta says, “There must be a way to triple the area of the 
territory. What if you just triple one side of the square and form a 
rectangle instead?”

	 Sigma says, “You’re right.” He imagines the shape and an 
equation illuminates showing the area of a rectangle with one side 
length a and the other 3a.

a ⋅ (3a) = 3a2

	 Athena says, “A Product on its own won’t distribute into it 
another Product. The factor will just associate into the larger product.”

m
n

∏ak ≠
n

∏mak  

m(a1a2 ⋅ ⋅ ⋅ an) ≠ (ma1)(ma2) ⋅ ⋅ ⋅ (man)

	 Sigma says, “Yes, a Product only can distribute into a Sum.”

	 She continues, “Only a Power can distribute into a Product.” The 
general equation illuminates on the cave wall.

m

∏
n

∏ak =
n

∏am
k

(a1a2a3 ⋅ ⋅ ⋅ an)m = (am
1 a m

2 a m
3 ⋅ ⋅ ⋅ am

n )

	 Small Delta says, “
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The Binomial Theorem: A Product of Sums

	 Athena advises them to expand their territory by different 
amounts on each side to form more general rectangular shapes. The 
area of a rectangle that is a by c expanded on each side by b and d, 
respectively, is what is commonly called The Distributive Property.

a+b

∑ (c + d ) =
a

∑ c +
b

∑ c +
a

∑ d +
b

∑ d 

(a + b) ⋅ (c + d ) = ac + bc + ad + bd 

	 The equation lights up on the cave wall with dolphin jump arrows 
showing how the sums interact through their product. Sigma sees the 
pieces smash together and rearrange into a neat logical sequence that 
affirms the shortcut.

	 Athena suggests, “It’s still one big sum for you to supervise, but 
yea you are on the right track with this stuff. Let me show you another 
way. Take the bird’s eye view to get a new perspective on what the 
Product truly is. I see the Earth as the owl sees it. Looking down on the 
Agora and the enchanted forest, I see the product as Area.”

	 Sigma answers, “In my vision, I saw Python take the form of a 
square. I recognize the square as a product already. What else do I 
need to know about squares?”

a2 =
a

∑ a 

	 Athena answers, “Recognize the truth that food comes from 
areas on the earth. Consider what would happen if you extended the 
sides of a square. How much food would come out of this territory? In 
other words, what is the area of the new square?”

(a + b)2 =  

	

a

b

b a

b2

a2ab

ab

∴ (a + b)2 = a2 + 2ab + b2 

	 Athena answers, “I think you’ll see that this result is a good 
example of the Distributive Property and a reason to expand our reach 
to gather more food from a wider territory.”

	 The totality of the lessons so far appears to Sigma on the cave 
wall and he realizes therein lies the key to ensuring his arrows land on 
Python:

+ → Σ → ⋅ → Π → ∧
	 Sigma mutters, “associate, distribute, associate, distribute...” He 
realizes the Binomial Theorem connects the very first of his abilities, 
simple addition, with his most recent power, exponents. 

(a + b)n =
n

∑
k=0

nCk ⋅ akbn−k	
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	 The Key to Defeating Python

The lessons from all his teachers come flooding suddenly back into 
Sigma’s mind, starting back with simple addition and counting he 
learned from his mother Leto, the Properties of Equality he learned 
from Themis, the application of these ideas from Theano, Arignote, 
and the Pythagoreans, and the way all the abilities interconnect that he 
just learned from Athena. 

	 	 	 	 (a + b) + n = a + b + n	

	 	 	 	 (a + b) × n = a × n + b × n	

	 	 	 	 (a + b) ∧ n =
n

∑
k=0

nCk ⋅ akbn−k
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Geometric Series: A Sum of Products

! Sigma declares, “I must strike first on this deadly beast before it 
strikes on us! I will grab it and find its true measure. I’ll evaluate the 
sum of all Python’s powers, including zero!”

S =
n−1

∑
k=0

k

∏
j=1

r 

= 1 + r + r2 + r3 + . . . + rn−1

! Epsilon asks, “Then what? What would happen if you used your 
power on Python? Wouldn’t you just multiply the snake and make an 
even larger threat?”

! Small Delta answers, “If Sigma uses the product on his battle 
Python, it will multiply him to be even larger. What would be the 
difference then?”

! Sigma answers, “ Now I can distribute the r to the entire sum.”

r ⋅ S =
n

∑
k=1

k

∏
j=1

r 

= r + r2 + r3 + . . . + rn−1 + rn

 ! Sigma paces, then realizes, “Maybe a Big Delta can help us! 
Delta X would take away everything that was common to both. That 
wouldn’t leave very much.”

(r ⋅ S ) − S = rn − 1

! Small Delta points out, “Do you notice anything familiar about the 
left side?”

! Sigma sees it too, “Yes, it looks like someone has distributed the 
S to (r − 1), but that S is my sum, so I will pull it out to the side. Now it’s 
isolated as a factor.”

S ⋅ (r − 1) = rn − 1

! Epsilon jumps in, “I can see you’re not done yet.”

! Small Delta, “Looks like you need to divide! The Deltas have 
come in handy haven’t they, Sigma? This time you are finding a sum by 
undoing a product. I like this much better.”

S =
rn − 1
r − 1

 

 ! Epsilon steps in, “I would point out that now we have created an 
even bigger Python than any of the ones in the original problem. I’m not 
saying it’s wrong though!”

! Sigma answers, “We may have a higher power Python, but 
there’s just one, and we have him exactly where we want him, 
surrounded by Deltas.”
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Target Practice
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Solve problems by applying: 

 The Distributive Properties

 The Binomial Theorem

 Geometric Series



The Distributive 
Properties

The Product of a Sum

1. Write each product as a sum 
of products:

a. 2(3 + 4) =  

b. 2(3 + x) =  

c. −a(2 + 3) =  

d.  a(4 − x) =

e. −g(4 − 1) =  

f.  β(γ + φ) =

g. σ (π + θ + ζ ) =       

h.  α
4

∑
k=1

k =   

i. x(1 − x) =  

j. a3(ab + a2) =  

k.  x−3(x y2 + x2y) =

l. α
β ( β

α2
+

β3

α ) =  

m. 2
7 ( 49

4
+

21
32 ) =  

2. Solve for x

a.  2(x + 1) = 3x

b. x = 2(x − 6) 

c.  3(1 + x) = 12x

d.  5(x2 +
72
5 ) = 13x2

e.  21(34x − 15) = 42

f. 37 = x( 1
x

+ x) 

g. x(5 + x) = 10x

h.  2x(2−x + 1) = 33

i.  3x5(3x−4 + 2) = 9x + 192

j. By what amount x can you 
increase the short side of a 
4 by 11 rectangle so that it 
has the same area as a 
rectangle that is 19 by x? 

1911

x

4

Orders of Magnitude

3. Compute

a.  103(106 + 109)

b. (105 − 103)106

c. 10−4(10−1 + 10−3)

The Power of a Product

4. Write each power as a 
product of powers

a. (3 ⋅ 4)2 =  

b. (5x)2 =  

c. (abc)4 =  

d. (x2yz3)4 =  

5.  Solve for x

e. (2x)2 = 36x

f. (3x)2 = 9x2 − 2x + 10 

g. (5x)3 = 124x3 + 8 

h. x(6x)2 = 34x3 + 54 
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The Product of Two Sums 

5. Write each product as a sum 
of products:

a.  (1 + 2)(3 + 4) =

b.  (1 + x)(1 − y) =

c.  (2 + x)(3 + y) =

d.  (x + y)(x − z) =

e.  (x + a)(y + b) =

f. (3x + y)(2x + 3y) =  

g.  (3x2 + 2y3)(2x3 − 4y2) =

h.  (x−2 + x3)(x2 + x−3)

3. Solve for x

a. (1 + x)(2 + x) = x2 + 30 

b. (3 + x)(2 + 3x) = 3x2 + 50 

c.  (1 + x2)(1 + x) = x2 + x3 + 5

d. (3 + x)(2 − x) = 40 − x2 
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The Binomial Theorem

4. Write each product as a sum 
of products:

a.  (20 + 1)2 =

b. (x + 3)2 =  

c. (x + y)2 =  

d. (2x + 3y)2

e. (2x2 + 3z3)2

f.  (4x − 3y)2 =

g.  (4x2 − 5y5)2 =

h. (x + x−1)2 =  

5. Solve for x

a.  (5 + x)2 = 49

b. (3 + b)2 = x + 6b + b2

c. (4 + b)x = 16 + 8b + b2

d. x( 1
4

+ x) =
x
4

+
1
9

12. Find the value of 
(10 + 2)2 − (102 + 22) without 
squaring any numbers.

13. What is the new territory of 
a region that was originally x 
units on each of three sides 
of a cube, but has now 
been extended by b on 
each side?

What is the volume of a cube 
that has been decreased by b 
on each side?

x

x

x

b
b

b

Orders of Magnitude

15. Compute

a.  103(106 + 109)

b. (105 + 103)(106 + 109)

c. (105 + 10−3)(106 + 10−9)

d. (103 + 102)2
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Geometric Series

16. What is the sum?

a. 2 + 4 + 8 + 16

b.
5

∑
k=1

2k

c.
10

∑
k=1

(4 ⋅ 3k)

d. 2 + 4 + 8 + . . . + 1024

e. 15 + 75 + 375 + . . . + 46875

f.
10

∑
k=1

(1
2 )

k

g.
5

∑
k=1

(3
4 )

k

h.
∞

∑
k=1

(1
3 )

k

i.
∞

∑
k=1

(2
5 )

k
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Final Exam

1. One mouse has 23 items that 
are worth 2 coins each. 
Another mouse has 3 items 
that are worth 3 coins each. If 
both mice increase their 
number of items by the same 
amount, their totals will have 
the same value. What is this 
amount?

2. A mouse’s territory is a 
rectangle that is 5 by 8 and 
produces 3 units of food per 
unit area. They want to 
increase the short side from 5 
to 5 + b so that the total 
amount of food it produces is  
equal to another territory that 
is b on one side and 48 on the 
other. Both territories produce 
food at the same rate per unit 
area.

3. Two families started with the 
same food ration r. One 
family’s food ration is 
increased by 3 and then 
multiplied by m. The other 
family’s ration is multiplied by 
m and then increased by 7 to 
equal the first family’s new 
amount. What is m?

4. A mouse has a territory that is 
4 by 5 and increases both 
sides by b until it equals the 
total area of of another mouse 
who has two territories, one 
that is 5 by 6 and another that 
was 4 by 4 until both sides 
were also increased by b. 
What is b?

5. Six mice start at the corner of 
a new territory. Three run to 
the west. The first stops after 
a distance x, the next goes y 
more before stopping, and 
the last goes an additional 
distance z. Three run to the 
north. The first stops after a 
distance a, the next goes b 
more before stopping, and 
the last goes an additional 
distance c. What is the area of 
the rectangle?

6. If a road forks into two roads, 
which then forks into two 
more, and so on, until they 
reach all 4096 destinations, 
how many signposts will they 
need?

7. A mouse nibbles away one 
fifth of a piece of cheese. 
They leave and comes back 
the next day and nibble away 
one fifth of what is left. How 
much cheese is left on the 
tenth night? How much would 
be left if the pattern 
continued forever?

8.  The mice create a defensive 
buffer zone around their 
territory, which is a rectangle 
about 3 by 5 units. If the 
width of the buffer zone is x, 
how wide should the buffer 
zone be for its area to be no 
greater than 4x2 + 1?
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Sigma puts all his knowledge together to aim from 
afar as the other mice gather food, safe from Python.

COMPLETING THE SQUARE



Completing the Square

96

Sigma:

“Python is coming so gather the troops!

Stay far away. Stay out of his loops!”

Small Delta:

“Sigma will fire the arrows that fall!

Python retreats, leaving us all!”

Epsilon:

“Arrows are flying all over the place!

Where do they land? 

Which way do they face?”



Projectile Motion

	 In the new plains outside the Agora, Sigma tells Epsilon 
and Small Delta, “The mice have expanded their reach into 
neighboring territories. We can gather more materials and we 
have outposts to tell us when Python approaches. Now I have 
a new question: how can I shoot arrows at the snake from 
afar and keep him at a safe distance, away from the Agora?”

	 Sigma releases an arrow to demonstrate how the arrow 
flies. Once it leaves the bow, its image hangs in the air for the 
group to see. Sigma says, “There are two components to the 
arrows velocity: vertical and horizontal.”

∑

vy

vx

	 As the arrow flies away, an equation appears in the 
space before them. He senses what it means and explains it 
to the group, “This tells us how high the arrow will be; it is 
average velocity in the vertical direction vy multiplied by the 
amount of time that passes.”

∑

ΔxΔx

Δy

Δy = vy ⋅ Δt 

	 Epsilon asks, “But the arrow slows down on its way up 
and speeds up on its way down. How can you know the 
average velocity?” 

	 Sigma says, “The velocity changes by a constant 
amount for every change in time. It’s an arithmetic sequence, 
so it is the initial velocity vyi plus the final velocity vyf divided 
by two. It’s just like counting food in the cave!”

Δy =
vyi + vyf

2
⋅ Δt 

	 Epsilon asks, “But, Sigma, how do you know what the 
final velocity will be? How fast will the arrow be going when it 
hits Python?” 

	 Sigma answers, “The final velocity depends on how 
much time passes and the acceleration of gravity g. It is an 
arithmetic sequence, so we can substitute vyf = vyi + gΔt.”

Δy =
vyi + (vyi + gΔt)

2
⋅ Δt 
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	 Sigma continues, “This reduces into a much simpler 
equation when we apply the Distributive Property. After all 
those steps, this is the equation we can use to see how high 
the arrow is.”

Δy = vyiΔt +
1
2

g(Δt)2 

	 Epsilon observes, “Yes, this equation tells us how high 
the arrow will be after any given amount of time, but we need 
to know how high the arrow will be at any given distance so 
that we know where the arrow lands.” 

	 Small Delta suggests, “As the arrow flies, its forward 
speed vx doesn’t change. The horizontal position is an 
arithmetic sequence.” 

Δx = vx ⋅ Δt

	 Sigma says, “That’s right. It also means that we will 
always know how long it will take the arrow to reach whatever 
distance Python is at. We can use Δt = Δx /vx to find how high 
the arrow will be at that point.

Δy =
vyi

vx
Δx +

1
2

g( Δx
vx )

2

 

	 Epsilon points out, “Sigma, this equation is a little 
complicated, don’t you think?”

	 Small Delta says, “I have an idea. Let’s replace Δx with 
just x, since we always are measuring the distance from you. 

We can all of those numbers related to the acceleration using 
a simpler variable a =

g
2v2

x
 and the initial slope of the arrow we 

can call b =
vyi

vx
. Finally, let Δy = y − c so that we can see how 

things would be different if we were shooting from a hill.”

	 Sigma agrees, “Good, Small Delta. I like this equation 
much better.”

	 The most general form appears before them, simplified 
by these changes in the choice of variables.

y = ax2 + bx + c 

	 Sigma continues, “Now we can experiment with different 
speeds and angles and the equation will tell us the complete 
path of the arrow.”

	 Small Delta cheers, “Look out, Python! Here we come.”
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Completing the Square

	 Later that night, Small Delta suggests they simplify the 
kinematic equation even further.

y = x2 + 2βx 

	 Then Sigma realizes, “I just have to complete the square! 
If I add something to both sides, the right side will turn into 
the Binomial Theorem.” The cave wall illuminates with the 
golden scales of Themis maintaining balance on each side as 
the small square is added to both sides.

y + β2 = x2 + 2βx + β2 

	 Now Sigma finally sees the pathway for defeating Python 
by remembering the all important wisdom of Athena, the 
Binomial Theorem:

 x2 + 2βx + β2 = (x + β)2

	 The equations rearrange to form a simple square on the 
right.

y + β2 = (x + β)2

	 Sigma exclaims, “Now I can easily solve for x.” In order 
to write down the unknown root, Little Delta suggests using 
the “r”-like symbol to represent the answer:

x = − β2 ± y + β2	

	 Sigma stands back and sees the key to the mystery 
unlocking his powers to fight Python. He stands back in 
reverential awe at this gift from the gods and continues, “I will 
show the mice of the Agora how to put the flight equation into 
this form and then I can solve it to know where the arrow will 
land. This will help us aim without the arrow going too far or 
falling too short. Instead, it will find it’s intended destination, 
forcing Python to flee.”

	 Sigma trains and teaches the mice of the Agora how to 
shoot at different distances. They prepare for the coming 
battle.
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Rise of the Radicals

	 Sigma’s new skill with range is impressive. His falling 
arrows from afar keep Python at bay while the mice expand 
their reach past the Agora. They gather as much of the food 
planted last year as they can. Arrows fall all around Python, 
who seems to retreat to plan a different approach. 

	 Epsilon raises concerns to Sigma about answers that 
seem to have some error. For example, Sigma climbs into a 
tree and releases an arrow with a trajectory defined by 
y = 2 − (x − 1)2. The cave wall rearranges to show

0 = 2 − (x − 1)2 

2 = (x − 1)2	

	 x = 1 ± 2	

	 The mysterious number 2 raises many questions 
among the mice. The radical idea of writing the root of a 
number down without knowing the answer surprises some of 
the mice, especially Epsilon. Others like the new ability they 
have to undo powers and aren’t bothered by the mysterious 
element of it.

	 Sigma is too proud to admit there may be some 
problems with his approach and brushes all doubts aside, 
“Obviously the arrow lands somewhere, so the equation must 
have a solution!” Internally, he continues to meditate on the 
nature of these radical new kinds of numbers.

	 Spurred by confidence in their victory and inspired by 
the mysterious power of these numbers, Little Delta and a 
group of radical mice continue the battle from afar, pursuing 
Python. Sigma stays home and celebrates victory in the 
Agora.
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Target Practice
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Solve problems by applying: 

 Projectile Motion Equation

 Completing the Square

 Radical Notation



Projectile Motion Equation

y = yi + (vy /vx)x + (1/2)(g/v2
x )x2

y = ax2 + bx + c (standard form)

1. Write the projectile motion 
equation in standard form, 
given h, vx, vy, g. With the 
help of a calculator or 
computer, sketch the 
shape of the curve on the 
coordinate axes. Describe 
the shape of the trajectory 

a. h = 3, vx = 10, vy = 1, g = − 10

b. h = 0, vx = 1, vy = 10, g = − 10

2. Infer vx and vy given a, b, c 
if g = − 10. With the help 
of a calculator or 
computer, sketch the 
shape of the curve on the 
coordinate axes. Describe 
the shape of the trajectory 

a. a = 1, b = 2, c = 1

b. a = 1/4, b = 6, c = 9

Completing the square

3. Solve for x

a.       x2 + 4x = 12    

b.      x2 − 6x = 27

c.      x2 + 8x − 20 = 0

d.      x2 − 10x − 75 = 0

e.      x2 + 5x = 29.75

f.       x2 − 7x − 12.75 = 0

g.      x2 + 9x = 15.75

h.      x2 − 11x − 33.75 = 0

i.       x2 − 6x − 8 = 0

j.       x2 + 5x = 13

k.      x2 − 3x − 1 = 1.25

l.     x2 + x + 1 = 2.21

m.     x2 −
2
3

x = 1  

n.       x2 +
5
2

x = 1 

p. x2 +
m
n

x =
d
c

 

q. x2 +
2m
n

x =
d
c

 

r.  x2 −
m
2n

x =
d
c

s.  x2 −
4m
n

x =
d
c

t.  x2 +
5m
2n

x =
d
c

u.  x2 + 2bx = c

v. 2x2 + 8x − 10 = 0  

w.  3x2 + 18x − 36 = 0

x.  4x2 − 32x − 64 = 0

y. −5x2 + 100x + 200 = 0

z.  ax2 + bx + c = 0

4. A square plot of land 
increases on one side by 12 
and its total area is now 85. 
How big was the plot?

Optimal Pricing

Sigma encourages mice to 
search for materials for 
arrows by offering to buy 
them. The revenue they 
make is the product of the 
number of items they sell 
and the price per item. 

R = np 

If the price per item is p = 4 
and the number of goods 
currently sold is n = 3, what 
is the current revenue?

As they increase the price 
by x, the number they sell 
might decrease by an 
amount that depends on x.

R = (p + x)(n − ax) 

If for each unit increase in 
the price, the number of 
goods decreases by a = 0.1, 
what is the increase x in 
price to maximize revenue? 
What is the new revenue?
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Landing Spot

5.  Solve for t

a. 0 = − 16t2 + 60t + 12

b.  0 = h + vt −
1
2

gt2

c.120t −
32t2

2
= 54

d.  100t − 16t2 = 30

6. Solve for x

a. ( vy

vx )x − (16
v2

x )x2 = h

b.  y = (vy

vx )x − (16
v2

x )x2

c.  
y = y0 + (vy

vx )x − (9.81
2v2

x )x2

d.  
y = y0 + 3x −

(2)9.81
v2

x2

e.  abx2 + cdx + m = n

f.

(a + b)x2 + (c + d )x + m = n

g.

 a3

b5
x2 + (c4 + d5)x +

m
n

= 0

h.  αmx2 + βx + γ − ϕ = ζ

i.  x4m + x2m + c = 0

Vertex Form

7. Find the apex of each 
quadratic in the previous 
two problems.

8. If the perimeter of a 
rectangle must be 
P = 2W + 2L and the area 
must be A = LW, what is 
the maximum area for

a. P = 400

b. P = 400 when one side 
of the rectangle is a 
cliffside of the 
mountain.

c. P = 300 when there are 
2 interior partitions.

d. Any P when there are n 
interior partitions.
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 Maximizing Utility

9.! Sigma wishes to set 
fair expectations for 
productivity. If the mice aim 
to produce r items per day, 
and q is the quantity of them 
meet quality standards, then 
the number of quality 
products is N = rq. If Sigma 
wants more products, he 
can raise expectations, but 
quality will suffer.

! Epsilon and Hermes 
suggest a scheme where 
the goal depends on 
Sigma’s estimate of this 
trade-off.

N = (r + αx)(q − βx)

! Hermes takes a poll to 
determine the decrease in 
quality β that results from 
each unit increase in 
productivity α.! For example, 
suppose Hermes finds that 
for every increase of 10 
arrows, the proportion that 

are up to standards 
decreases by 20 % :

N = (r + 10x)(q − 0.2x)

If the original item 
production rate was r = 40 
and 95 %  of them were up to 
standard, then the cost/
benefit equation is:

N = (40 + 10x)(0.95 − 0.2x)

According to the equation 
above, what increase in the 
productivity expectations x 
will maximize the number of 
quality arrows N?
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End of Volume 1 Preview

Please email mythicalmath@gmail.com to share your 
thoughts or find out how you can use Mythical Math in 
your classroom! Forthcoming: Answer Keys for Volume 1 
and previews for Volumes 2 and 3 

FOUNDATIONS FOR ALGEBRA

SIGMA VS PYTHON

! Thank you for reading this preview of Mythical Math: Sigma 
vs Python Volume 1. Chapters 7-12 cover: Functions, Proportions, 
The Pythagorean Theorem, Radicals, Conic Sections, and Real 
Numbers.

! Volume 2 applies geometry to Sigma’s continued search to 
be reunited with his mother Leto and sister Artemis on a 
mysterious floating island of Delos. 

! In Volume 3, Sigma tracks down and confronts Python to win 
back the Oracle of Delphi with the help of his grandmother and  
Phoebe and his beloved teacher, the Titan of Justice Themis.
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